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PREFACE. 



(IN offering to the public a revised 
edition of Vince's Fluxions, the correction of 
typographical errors is the only alteration 
which the editor has ventured to make : of 
these, a considerable number has been detected. 
The subjoined annotations were designed to 
elucidate the principles of the science, and 
therefore relate chiefly to the fundamental pro- 
positions ; and although the adept may recog- 
nize, in these remarks, some repetition of the 
reasoning in the text, yet, to thd student who is 
just entering upon the subject, it is hoped, they 
may prove a useful appendage. 
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PRINCIPLES OF FLUXIONS. 



SECTION I. 



DEFI.YJTJOJSrS. 



ARTICLE 1. Every quantity ia^here considered 
as generated by motion ; a line by the motion of 
a point ; a surface by the motion of a line ; a solid by 
the motion of a surface^. 

2. The quantity thus generated is called the fluent^ 
or flowing quantity. 

3. The velocities with which flowing quantities in- 
crease or decrease at any point of time, are called the 

fluxions of those quantities at that instant. 

Cor. !• As the velocities are in proportion to the 
increments or decrements uniformly generated in a 
given time, such increments or decrements will repre- 
sent the fluxionsf . 

* Sir I. Newtok, in the introduction to his ^adratun ef 
Curves^ observes, that *' these geneses really take place in the na- 
ture of things^ and are daily seen in the motion of bodies. And 
after this manner the ancients, by drawing moveable right lines 
along immoveable rig^t lines, taught the genesis of rectangles." 

f This is agreeable to Sir I. Newtoi^s ideas on the subject. 
He saysy '' I sought a method of determining quantities from the 
velocities of the motions or increments with which they are gene- 
rated ; and calling these velocities of the motions or increments, 
fiixioMt and the generated quantities T^f^nf^s 1 &11 by degrees 
upon the method of fluxions." — Introd. to ^uad. Curves. 
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6 Fluxions of Quantities. 

X by tbe signs + or — y it does not affect the increase or 
decrease of the quantity ; therefore tbe fluxion is the 
same as the fluxion of Xy or it is or. 

Cor* Hence, constant quantities connected to vari- 
able ones by the signs -f- or — , disappear when the 
fluxions are taken. 

Prop. V. 

Given (xj tbejluxzon ofx^ tojind the fluxion ofx^^ 
n being a whole number. 

11. Let X increase unif ormly by v and become 
df-ft^, then will ;c'» become ;v+t>'|* ; but (Algebroy 

Art. 232.) ;c+t^l"==;v«+n:v'^»t?+72.--j--A^*-V+&c. 

and if from this quantity we take x^^ there remains 

nx^^^v+n. Ar"^o*+&c. for the cotemporary in- 

crement oiof^ ; but although x increases uniformly by 
V, 0^ does not increase uniformly ; for if in the in- 
crement of 0^ we substitute 1, 2, 3, &c. for v, and 
take the differences of the results, these differences will 
not be equal ; hence, to get the ratio of the fluxion of 
X to the fluxion of x'^ we must, according to Prop. 2. 
take the limiting ratio of the increments* Now the 
increment of x : the increment oi x^ : : t^ : nx^^^v 

-fn.5!llic»-V+&c. :: 1 : nx'^ -^nJ^—^x'^^v+^T 
2 2 • 

and to get the limiting ratio of these increments, we 
must make,^=0, in which case the ratio becomes 
1 : nx^^^y which therefore expresses the ratio of the 
fluxion of X to the fluxion of x^ ; but db denotes die 
fluxion of X, therefore nx**-^x represents the cotempo- 
rary fluxion ofx**' 

If n=0, x^=zl a constant quantity -, therefore by Art. 
3. Cor. 3. it has no fluxion. 



Fhtxiona of Quantities. 
Prop. VI. 



n 



Tojind thejluxion of x^^ m and n being any whole 
numbers. 



12. Put y==of*^f then y^'*=x^; hence, by taking 



nx^*^^jb 



the fltuuons, my^^^yzsinx^^Xj .*. j/= —-= (by 

tny^^^ 



substituting for y its value in terms of x) 



nx*^^ds 



mx- 



flx'*'^X «« - — » 



ta 
n 



Con Let the root be a compound quantity as 

I 

c^+st^j to find the fluxion of a"*+x^ !"• Put «/s= 
I 

a^+x^'Y^ then yttz=z(f*+x^^ and ny^^y = mx^^^x ; 

^y nx a«+A,"» \— ^ 

1 — — , i. 

71 

13. Hence it appears, that whether the root be a 
simple or a compound quantity, the fluxion of any pow* 
cr hereof is found by the following 

RULE : 

Multiply by the index^ diminish the index by unity^ 
and multiply by thejluxion of the root* 

EXAMPLES. 

Ex. 1. The fluxion of :f* is 9x^x. 
Ex. 2. The fluxion of 3y^ is ISy^y. 

Ex. 3. The fluxion of — y^is ^y y = -^. 



g Fluxions qf Quantities. 

5 t 35 _ 4 35;^. 

Ex. 4. The fluxion of "S"* is^:c i?=— 7-. 

^ 11 44 « 
Ex. 5. . The fluxion of ^-* ^ is— a? i'. 

7 o3 

Ex. 6. What is the fluxion of a*+x«l * ? 
Here the root is a*+^, and its flux ion 2xd: i 
hence, the fluxion required is 3 xc^+x^Y X 2xdc=z 

Ex, 7. What is the fluxion oWa^+x^^or of ««+** |* ? 
Here the root is fl^+^, and its fluxion 2:vi?; 

hence, the fluxion is —X c^+x^^ X2yafe= 1 • 

Ex. 8. What is the fluxion of 1?+^^ ? 

Here the root is 0(^+i^<, and its fluxion 2xdc+2ytf ; 

hence, the fluxion required is^X x^+y^li^x2xx+2iftf 

1 2 

=3 X x^+y^ I X xx+yg. 

Ex. 9. What is the fluxion of iv+j/ ]* ? 

Here the root is :c+t/, and its fluxion a?+«/ ; hence, 

the fluxion required is 2x x-^y y^x+y. 

Ex. 10. What is the fluxion of d^+xO^ ? 

Here the root is a'+;c*, and its fluxion 5oc^x\ 



^ 1 



1 — —4 

hence, the fluxion required is JL x a*+x*l x5A:*i?= 

— ^— — — III. 

2 x'S+x'li 1 

Ex. 11. What is the fluxion of 5" ? 

__- — ' 
This quantity becomes a*+;c* | ^, and the root i^ 

a*+ar*, whose fluxion is 2xx ; hence, the fluxion re- 
quired is— •~x'^SH^r'^X2xa?=Ji:J:^ Inlike 
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manner, bring any quantity from the denominator iq> 
to the numerator, by changing the sign of the index, 
and then proceed by the rule. ^ 

Ex. 12. What 18 the fluxion of aoc^+by^+cz^Y • 
Here the root b £Mc* + by^ + cz^^ and its fluxion 
2flrAfir+3*£/*i/-f4c23i ; hence, the fluxion required is 
7 ^% ^ 

13. What is the fluxion o f V^+^^H^? 

Put 2 = V^+^^^^^> then 2* = A^ + V «*+!/* ; 

now the fluxion of Va*+y*, or of fl*+y*l', is - X 

«*+y* |~^ X 2yi/ = c*+j/» j~» xyj? ; hence, 2zz=2x'i; 
+^^^l*-ixj/y, therefore i=5f±t£±Z3l*^y=: 

2 V ^ + ^"«*+y* 

Prop. VII. 
7(9 ^nrf the fluxion of a product xy. 

14. The fluxion of x + y^j by the last r ule, i s 

2XJC+J/X 07+^ = 2xx + 2xy+2yx+ 2yif ; also, 7?+^* 
=:v*+2a:j/+i;*, whose fluxion is 2xdc+ the fluxion of 
^xy^-Zyy ; make these two values of the fluxion of 

X + y* equal to each other, omit the first and last 
terms which are common to both, and we have the 
fluxion of 2xy=2xy+2ysc ; hence, die fluxion of xy is 

xif+yd^' 

Otherwise thus. If we suppose x constant, the 
fluxion of xy is xy by Prop. 3 ; and if we suppose y 
constant, the fluxion is ydb ; hence, if neither be con- 
stant, the fluxion is xy+yx. 

Cor. Hence, we may find the fluxion of xuz. For 
if i; = xyz^ and w = xy^ then v = xvz^ and v ss w%+ 

C 






10 Fhiodibns of Quantities. 

zw 'y but w z=: xyy •*• w=ixtf + yx ; substitute these 
values for w and Wj and we get i = acy% -f zxy -f zyx. 
15. In like manner ^e proceed for any number of 
factors ; hence, the fluxion of the product of any num^ 
ber of quantities is found by the following 

rule: 
Multiply the fiiixion of each quantity into the pro- 
duct of aU the rest^ and the sum of all the products is 
thejlnxion required. - 

EXAMPLES. 

Ex. 1. The fluxion of o^y^ is :v* X ^l^y+y^ X ^xx 
•=» 3x^t/^y+2y^xdc. 

Ex. 2. The fluxion of y^oc^z is oc^zx—*y^y'\-}p'x, x 

^x^x+y'^x'^i,::^ - x'^z y^i)'+ ^y^z x'^x+y'^^%. 
3 2 3 

Ex. 3. The. fluxion of utf^xf^ifT? is rnx'^y'^T^-vif^^w -f. 

nvf^y^z*x ^^^x-^ruf^x^z*y ^^^ y+sni^x^y^z •"^ «. 

Ex. 4. To find the fluxion of ac^x a^+y^ \^* 

By the last rule, the fluxion of o^+j/^l^is-xoSy]* 



X 4fy^y = 6 X a^+y^r X y^!/ i hence, the flu»on re- 

^1 3 

quired is at^ X 6 xa*-f4/* |^x y^y + ct^+y* '\^ x 2xx. 

Ex. 5. To find the fluxion of V o^-f^xV l^+y\ 
Find the fluxion of each part by the last nde, and the 

fla»on required is V cfi+x^ x ^^ + V If^+y^ x 

XX ^b^+y^ 

X/a^+x^' 

16. It appears from this Prop, that the fluxion of 
xy consists of two parts, xy and yx, the former part 
arising from the increase oty by y, and the latter from 
the increase of :v by a? ; but if x should decrease 
whilst y increases, then the fluxion, expressing the 
increase of xy upon the whole, will be xy-^yx, be- 
ing the increase minus the decrease. Hence, to express 
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the rate at which any quantity increases^ the fluxion 
of the parts which increase must be written with the 
sign +, and those which decrease with the sign — *. 
Now the increasing quantity is considered as positive; 
but if a negative quantity increase in magnitude, it 
must be considered as a decreasing quantity, and its 
flunon will be negative. In like manner, a negative 
quantity decreasing in magnitude must be cobsidered 
as an increasing quantity, and its fluxion will be po- 
sitive. If therefore the fluxions of increasing quanti- 
ties be written with the sign +, and of decreasing with 
— , whenever the fluxion of any quantity is positive, 
it shows that quantity to be in an increasing state ; 
and, when negative, to be in a decreasing state. In 
like manner, if ^c* -f 9' = ^ constant quantity, then if 
X decrease and y increase, the fluxion is — 2mX'\' 

Prop. VIII. 
Tojind the fluxion of a fraction — . 

17. Put 2 =r — , then 2t/= x, and zy'\'yx'=zx (Art. 

y 

. ^ xy . 

*A\ ' ^ — ^y y y^ — ^y » 

14.); ••• » = ^ = — r-2 5= 2 5—^. Hence 

y y. y^ 

we find the fluxion of a fraction by the following 



RULE : ^^,, 



from the fluxion of the numerator multiplied into the 
denominator^ subtract the fluxion of the denominator 
muhipUed into the numerator ^ arui divide by the square 
of the denominator. 

EXAMPLES* 

Ex. 1. The fluxion of ^ is ^f'^-J^^fl^ ^ 

y^ y^ 

y* * 

* Hence it appears, that when a quantity passes through a niazi- 
nmm or minimum, Uie fluxSon «n each side has a different sign. 
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12 Fluxions of Quantities. 



Ex. 2. The flu:c. of ^ is ^'Xx+y--:r4yx3z*« 



Ex.3. Theflux.of ^ is '='X^y+y^~^X2zi 

2* 2* 

"" * 2^ 

Ex. 4. The fluxion of — is ; for a being con- 

stant, the fluxion of the numerator is nothing, and 
therefore the fluxion of the numerator multiplied into 
the denominator is nothing ; in this case, therefore, the 
fluxion of the fraction is minus the fluxion of the de- 
nommator multiplied into the numerator, divided by 
the square of the denominator* 

Ex. 5. The fluxion of — is =— — r*="— 

noT'^'^^x; or the fluxion of a:"^ = — n;C""*^*a?; when 
therefore the index of a quantity is negative, the 
fluxion is found by the same rule (Art. 13.) as when 
the index is positive. 

Ex. 6. The fluxion of ■ is 
V^+? 

a^+^Y ^Xxxxyt^+y^ — ^+tpr^ X yi)xVa^+x^ 

^ + y» 
XX X^a'+x^xyif 

The putting of a quantity into fluxions is called the 
direct method of fluxions. 
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SCHOLIUM. 



18. In questions of ^ geometrical and phihsophical 

nature, where we want to get the relation of the fluents 

from die fluxions, and in others where we want to 

find whether quantities are positive or negative from 

the relation of them to their fluxions, it is necessary 

to pay regard^ to the signs of the fluxions, as explained 

in Art* 16* But in putting equations into fluxions, 

as in the problems de Maximis et Minimis, although 

one variable quantity may increase at the same time 

that anodier decreases, yet we may write the fluxion 

of each positive ; for, by writing it so in each equation, 

in order to obtain the same fluxion from the Afferent 

equations, the result will not be altered. In these, 

and such like cases, we may therefore make the fluxion 

of each quantity positive. We may further observe, 

that when any fluxion becomes negative according to 

the above rule, the quantity which expresses its value 

becomes negative. For instance, if r = the radius of 

a circle, x = the versed sine, y = the right sine of an 

fie — — xx 
arc, then «/* = 2r;r -^ x^^ and y = -^ ; now, for 

y 

the first quadrant, x and y increase, and each fluxion 
is positive, and the value of y is positive, x being less 
than r ; but in the second quadrant, y decreases and 
its fluxion becomes negative, and its value becomes 
negative, x being greater than r. This circumstance 
is similar to the case of a quantity passing through 
and changing its sign, for </ = ^ at the end of die 
quadrant. 

19. When we compare the fluxions of two quan- 
tiues, by comparing the increments that would be 
uniformly generated in a given time, the quantities 
have been supposed to be homogeneous, there being 
no reladpn between those which are not homogeneous; 
yet if, of two heterogeneous quantities, the numerical 
value of one be expressed in terms of the other, it is 
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14 Scholium. 

manifest that there will be no impropriety in expressing 
the fluxion of one in terms of the fluxion of the other. 
If one side of aright-angled parallelogram be repre- 
sented by 6 and the other by 9, we say, 6x9 = 54, the 
area ; our numerical operation is perfec^y correct, but 
no one ever imagined that the uiuts represented by 54 
are homogeneous to the imits represented by 6 and 9 ; 
if 6 and 9 represent inches in lengthy 54 will represent 
so many square inches, or so many square areas, the 
side of eacli of which is 1 inch in length. Or if a and 
X represent the two sides, the area of the parallelo- 
gram will actually be aXy referring that quantity to its 
proper units; although, therefore, there is no relation 
between the area and either of its sides, yet it vA ex- 
pressed in terms of the sides. And if a be constant 
and X variable, the fluxion of the area will be oi? by 
Prop. 3 ; if therefore (x) the fluxion of the abscissa x 
be 1 inch in lengthy the corresponding fluxion of tiie 
area will be a square inches ; if d? be 2 inches in 
lengthy the fluxion of the area will be 2a square 
inches. And in general, when we consider any two 
quantities which are not homogeneous, although their 
Auctions, which are expressed by their increments 
uniformly generated in a given time, can have no re- 
lation to each other, if we carry our ideas no furtiier 
than the increments themselves ; yet when we con- 
sider the numerical values of these fluxions, the analy- 
tical expression for one may be comprised in terms 
of the other without any impropriety, and our con- 
clusions will be perfecdy just and correct, in the sense 
in which the units of the respective quantities are un- 
derstood, notwithstanding the fluxions themselves may 
be heterogeneous. Sm I. Newton, in his Quadra- 
ture of Curves^ in finding the area of a curve, describes 
a parwelogram on the abscissa (x\ the other side (a) 
oi which is constant; and then he compares the 
fiuidon of the area of this parallelogram with the 
fluxion of the area of the curve, tiiey being homogene- 
ous quantities ; and the fluxion of the area of the 



Scholium. 15 

parallelogram being ade^ he gets the fluxion of the area 
of the curve. From what has been said above, when 
we reduce these matters to calculation, there appears 
to be no absolute necessity for this ; but it is more 
scientific to make the comparison between homoge- 
neous quantities, than between those which are not 
homogeneous, and therefore the former method is al- 
ways to be preferred in cases where it can be applied, 
notwithstanding the conclusions which are otherwise 
deduced are perfectly true and satisfactory. 

20. The ingenious arid justly celebrated author 
of the Analyst has endeavoured to show, that the 
principles of fluxions, as delivered by its author, are 
not founded upon reasoning strictly logical and con- 
clusive. He lays this down as a Lemma : ^^ If you 
make any supposition, and, in virtue thereof, deduce 
any consequence; if you destroy that supposition, 
eveiy consequence before deduced must be destroyed 
and rejected, so as from thence forward to be no more 
supplied or applied in the demonstration." This, he 
thinks, is so plain as to need no proof. It may per- 
haps be admitted to be true, when we want to deduce 
the absolute value of a quantity which is to be obtained 
in virtue of asupposition ; but it is not true when we 
want to obtain the relative values of quantities. He 
seems not to have properly attended to the meaning 
of the , term limiting ratio, but went upon the term 
ultimate ratio, assuming equality where it was never 
intended^ thereby totally misunderstanding the subject; 
and this led him to disregard the connection which 
there must necessarily be between the two terms or, z/, 
_which constitute a ratio, and the two terms m, n, 
which express the ratio to which x^ y approach as 
their limit, when you diminish them sine limite, called 
the /imif of the ratio ^for every one must see, that if you 
make x and y vanish, they must approach to some ratio 
as their limit ; but we do not say (as writers who do not 
understand the subject would make us say) when x and 
y become = 0, that o:o\ \m'.n\ such is the assertion 
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of those only who are ignorant of the subject. Now 
it is agreed, that, by diminishing the increments you 
approach to the ratio of the velocities which the quan- 
tities had at the points from whence the increments 
began to be generated, and that by making them 
become indefinitely small, you arrive at a ratio indefi- 
nitely near to that of the velocities at those points. 
Let therefore x and y be two increments generated by 
two flowing quantities in the same time ; then as 
their limit m : n must depend altogether upon x and 
f/, that limit is obtained upon the supposition of the 
existence of the increments ; but the limit is ^ certain 
determinate invariable ratio, totally independent of the 
magnitude of the terms of the ratio, or of thfe incre- 
ments, as appears by Art. 8. When we therefore 
deduce the limit by making the increments vanish, 
the effect of the prior existence of the terms/;v, y of 
the ratio still remains in the terms m, n, which' express 
the limit of the ratio. If the existence of the terms m, 
n, which express the limit of the ratio, depended upon 
the existence of the terms themselves at, y of the ratio^ 
the supposition which makes the latter vanish would 
necessarily make the former also vanish, and then no 
conclusion could be deduced by making the terms of 
the ratio vanish ; but as that is not the case, the limits 
which is obtained by making the terms become equal 
to nothing, contains an effect, after the increments are 
actually vanished, which depends upon their having 
existed. The limiting ratio is (as expressed by Mac- 
laurin) " the term or limit from which the variable 
ratio of the increments proceeds, or sets put, to in- 
crease or decrease." The lemma, therefore, of the 
author, however true it may be under some circum- 
stances, cannot be applied against the reasoning upon 
which the Principles of Fluxion^i are founded. The 
author admits the conclusions to be true. He says, 
" I have no controversy about your conclusions, but 
only about your logic j and it must be remembered, 
that I am not concerned about the truth of your theo- 
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rems, but only about the way of coining at them.^' 
The above observations show, not only that, our con- 
clusions are true, but that they are deduced by steps 
which are perfectly satisfactory, and strictly logical. 
It was unfortunate for Science, that neither the inge- 
nious author of the Analyst^ nor his opponents, had 
any clear ideas of the subject they disputed upon ; the 
controversy however called forth Robins and Maclau- 
rin^ who showed in the most satisfactorv manner, that 
the grounds of fluxions, according to the ideas of its 
great author, were defensible, and the investigations 
founded upon the strictest principles of reasoning. 
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On the maxima and MINIMA of 
QUANTITIES. 

Prop. IX. 

ranO detefmine the value of a quantity ^ when it be- 
•^ comes a maximum or minimum. 

21. If a quantity first increase and then decrease, at 
the end of its increase it becomes a maximum ; and if 
it first decrease and then increase, at the end of its de- 
crease it becomes a minimum. And as the fluxion of 
a quantity is the rate of its increase or decrease (Art. 
3.) 9 when it becomes a maximum or minimum its 
duxion must be = 0, the quantity having, at that point 
of time, no further increase or decrease. 
- 22. If any quantity be a maximum or minimum, 
any power or root of that quantity must then, evidently, 
be a maximum or minimum. For the power or root 
of a quantity will increase or decrease as long as the 
quantity itself increases or decreases, and no longer. 

Any constant multiple, or part of a quantity which 
is a maximum or minimum, must also be a maximum 
or minimum. For the multiple, or part of a quantity, 
will increase or decrease as long as the quantity itself 
increases or decreases, and no longer ; therefore when 
its fluxion is made = 0, the constant multiplier may be 
neglected. 
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EXAMPLES. 

Ex. 1. To divide a given number a into two parts, 
X, y, so that x™y" may be a maximum. 

Since x+y = a, and ;t*»e/'*=max. the fluxion of each 
= 0, the former, because it is constant, and the latter, 
because it is a maximum ; •% a?+e/=0, and my^xf^^x 

+nx^y^^ g=0 ; hence, i?= — j/, and a?= — ^ — ^ -^ 
= — — ^ ; therefore — i/ = — — ^ ; or, my = n^:, and 

fn : n :: X : y* Now y = — ; ••• :r H = a, conse^* 

- ma , / WAfX na 

«uentIyA;s= ,andv[ = — )= • 

^ ^ w+ii ^\ ml m+n 

If m = n, the two parts are equal. 

Cor. Hence, to divide a quantity a into three parta^ 
Xj y, z, so that xyz may be a max. the parts must be 
equal. For suppose x to remain constant, and y, z to 
vary ^ the product yz, and consequently xyz, will be 
greatest when y=z. Or if y remain constant, the pro- 
duct 9CZj and consequently yxz, will be greatest when 
»=z. Thus it appears that the parts must be equaL 
And in like manner it may be shown, that whatever be 
the number of parts, they will be equal. 

Ex. 2. Given x+y+z=a, and xy*z* a maximum, to 
JindiL,Y,x. 

As X, y, z must have some certain determinate 
values to answer these conditions, let us suppose such 
a value of y to remain constant, whilst x and z vary 
till they answer the conditions, and then db+z = and 

7rx+3xz^x:=0 ; hence, a?= — »= =— = — , 

.% z=d^. Now let us suppose the value of z to re- 
main constant, and x and y to vary, so as to satisfy 
f he conditions ; then x+y=0, y^x+2xyy=:0 i hence, 
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as^ — ii=. -~= — — -s»\ v= 2ar ; substitute ui 

the given equation, these values of y and z in terms 
of Xy and :c + 2jc -f 3^ = a, or 6;c =s a ; hence, x =7 

— a : .*. V = — €L : z = — a. In like manner, whatever 
6^32 ' 

be the number of unknown quantities, make any one 

of them variable with each of the rest, and the values 

of each in terms of that one quantity will be obtained ^ 

and by substituting the values of each in terms of that 

one, in the given equation, you will get the value of 

that quantity, and thence the values of thet>thers. 

=a^x^« 

Take the fluxions of both sides, and 2 X Zo(^x+Zy^y 

X x^+y^ =z2a^xx ; but when t/ is a maximum, «/ = ; 

a^ 

hence, 6x^itx ^+y^ = 2ct*xdb^ .*. x^+y^ = -- , and 



x^+u^ = — r- ; therefore ct^x^ = -— r- , and ;c*=-— ,or ;c= 
^^ 9x^ 9x* 9 

— =:hence, v^C — a';c— af^)=-r=r =^X — = r 

Va ■ V^ 3I V3 ni 

o 3 f — r-rz — 

ssc'X 






3%/3 ^ 3 V3 

Otherwise. As t^^zc^x — :v^, .*. 3y*«/=a*i?— 3;c2i?=0, 

because j/=0, ••• ^= — =k« 

V3 

JE«r«4. T39 inscribe the greatest parallelogram DFGI 
in a given triangle ABC* 

Draw BHIAC ; put AC = a, BH = *, BE = x^ 

ax 
then EH=i— flf ; and by sim. A*. b:a:: x: DF=-r- ; 



ax 



hence, the area DFGI=— X6 — «• = max. or ^ x *►— :v 
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&l^— «* = max. .*• bx — 2xx = ; hence, x = — b; 

2 




H G 



therefore EH = — BH. 

2 

Ex. 5. Let ABC represent a cone^ AC the diameter 
of the base; to inscribe in it the greatest cylinder DFGI. 

Put p = ,78539 &c. then (the same notation re- 
maining) it will appear when we come to treat on the 



/— ? 


^^ 








\ 


— 




:^ 


^ 1 




5="^ 



method of finding the areas of curves, that ^ — - 
the area of the end DEF of the cylinder ; hence, the 
content of the cylinder = ^-Tr"X6 — x = max. or o^ x 

b'''^=bx^'^x^=: max. ••• 2txd>-^3x^db=iO ; hence, x=: 

—b ; therefore EH=— BH. 
3 3 

Ex. 6. To inscribe the greatest parallelogram'DYGl 
in a given parabola ABC. 

Put BH zzia^p-zz, the parameter, x = BE ; then by 
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the property of the parabola, \iE*=px, .'. DE^'x", 
B 




and DF=S/'Ar'; hence,the area DFGl=Sp'x'xa—x 

ss max. ta x*X a — r=(M:* — **=max. .: — (W^ 'i — 
2 

3 A ' 3 * 

3 
consequently EH=: -BH. 

j?j7. 7. To cut the greatest parabola DEF from a 
given cone ABC. 

Let AGC be that diameter of the base which is J. 
fo DGF } now EG is parallel to AB ; put AC=a, AB 




=x^, QG=x, then AG=:a-'-^ ; and t^ the property of 
tfie circle, DG=v'iMr — ^, .-. 'DY=3Vax — x* ; also, 
bx 



by Bim. A<, a:b'.\ 



:GE= 



\ hence, we have the 



area of the parabola = —x — x2Va^-^ ss max. 
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hence, x\^ax — x^ = max. or A!* x ax — x^ =iax^ — ;r*r= 

3 
max. .*• Sax^x — 4x^x=i0. and 3a = 4;c, .*. ;c = — a* 

£x. 8. To divide a given arc A into two partSj 
such that the m^ power of the sine of one party multi" 
plied into the n^ power of the sine of the other y may be 
a maximum. 

^ Let P and Q be the two parts, x and y their sines, 
radius being unity ; then ;c~ x y" = maMmum ; hence 
my^x^'^^x+nx^y^^^y = 0, and myx = — -72x5^. Now 

(Art.46.)P= ,^_ ,Q= i ; andasP + Q 

VI— ;e» VI— J/* 

=A,P + Q = 0,.«:P = -Q,or-J=. = -^=; 

Vl— t/* VI— A^ 

multiply this equation by the equation mt/a7= — nxy^zai 
mx ^ = n X — ==, or mxtan. Q=7zxtan. P, 

•••m :n:: tan. P : tan. Q, and m+n : m — n : : tan. P+tan. 
Q : tan. P — tan. Q : : (Trig. Art. 1 1 3.) sin. (P+Q) : sin. 

fP — Q): : sin. A : sin. (P — Q)= xsin. A; hence 

m+n 

we know the sine of the difference of the two parts of 

the arc ; therefore we know the difference P — Q of the 

arcs themselves ; and knowing the sum P + Q, or A, 

we know the two parts P and Q. 

£x, 9. To determine at what angle the wind must 
strike against the sails of a mill^ so that the effect to put 
it in motion may he the greatest possible* 

Put X = the cosine of the angle, then 1 — ;e*'t= the 
square of the sine, radius being unity ; hence (by the 

Principles of Hydrostatics), the effect is as a^x 1 — x^ 
= X — x^y which is to be maximum ; ,'. x — ^x^x = O ; 

hence, x = \ -ir- the cosine of 54° 44'. 
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Ex. 10. Given two eiastk bo Acs A and C, to find an 
intermediate body x, so that the motion communicated 
from Ato C through x, may be a maximum. 

Put a = the given velocity of A, ti; = the velocity 
communicated to x^ and z the velocity communicated 
to C ; then (by Mechanics), 
A+;c : 2 A iiaiw 
X + C i^iiwiz 

.% comp. Ax + ^c* -f AC + Cx : 4A;v : : a : z, or, 4 

AC 

A+x4 +C : 4A ; : a : z; now. as the two middle 

X 

terms are constant, the last term varies inversely as the 
first i and as the last is to be a maximum, the first 

ACi; 

must be a minimum ; therefore its flu^on df r— 

or 

= } hence, jc* = AC, and A : ;ir : : ;c : C. 

Ex. 11. Given the altitude BC of an inclined plane 
AB, tofndits lengthy so that a weight P eating upon 
another W in a line parallel to the plane ^ may draw it 
up through AB in the least time. 

Put a=BC, :c=AB ; then (by Mechanics) the acce- 

dVf 
lerating force of W down B A is — ; hence the mov« 




ing force of the two bodies is P — — = 



dW Vx^dW 



therefore the accelerating force = 



X X 

Vx—aV^ 

T+Wxx 



\ and 
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, or as 

4- 



ac. for. 



P+W X Ar» . ic' 

2AXI? X Yx —d^ — Pi? X^ ^ u . u r ^. 

^ = 0; but when a fraction 

P^f-^Wl 
vanishes, its numerator = ; hence, ifo^x^ — ^2aW;ri? 

2/zW 

— .P;c»a? = 0, or Pa:* = 2fl W^, .•. » = ^i^^. 

jB;c. 12. T^ Jind the position of the planet Venusj 
when it gives the greatest quantity $/ light to the 
Earthy the orbits being supposed to be circles with the 
Sun in their common centre. 

Let S be the Sun, E the Earth, V Venus, produce 
EV, on which let fall the J^ SB, and with the centre 
V describe the circular arc SA. Put a=SE, 6sSV= 




AV, X = EV, y =BV, then AB = * — y the versed 
sine of the angle SV A j and (by the Principles of 
Astronomy) thfft[uantity of light received at the Earth 

from Venus varies as —-^ ==-;•-- f^ = max. Now 

(Euc. B. II. p. 12.} a« = i» + :«« + 2a^, ... y ss 

— ^- s: (if m»=«i*— i*) -g-— ; hence, the quan* 

E 
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Uty of light varies as - - -~- = ^^^5 r 

which is th erefore a maximum ; hence, its fluxion 

aiSS'+iy^ X 2x^ — 6x^x X 2^;e— m*+A^ 

— --J 1 — = 0, or Its 

numerator 4^;v3i?+4;v*a'— ^126;c^i?+6w'A^i? — 6;c*a?=0, 
or by dividing by 2x^i?, and uniting the like terms, wc 
have— :v*— 46*r+3m«= 0, .-. x^+4bx=z3m^ = 3a*— 3*», 

a quadratic, from which x = —2^4.^^+30*. Hence, 
we know the threesides of the triangle ESV, to find 
the angle E of elongation. Now if a = 1, A = 0,72333 
according to Dr. H alley ; hence, :v=:0, 43046, and the 
angle SEV=39° 44' the elongation of Veniis from the 
Sun when she is brightest. Also, the angle ES V = 
22° 21'-, but the angle ESV = 43° 40' at the planet's 
greatest elongation ; hence, Venus is brightest between 
ner inferior conjunction and her greatest elongation* 

For the planet Mercury^ 4=0,3 171, and x^\ ,00058, 
and die angle SEV = 22° 19' the elongation of Mer- 
itury when brightest. Also, the angle ESV=7'8° 56' ; 
but the angle ESV = 67° 13',5 at the time of the 
planet's greatest elongation ; hence, Mercury is bright- 
est between its greatest elongation and superior con- 
junction. 

In questions of a geometrical and philosophical na- 
ture, mere are frequently restrictions which do not 
enter into the analytical expression. In the analytical 
expression, considered simply as such, the unknown 
quantity may be assumed of any value, and therefore 
it may be taken without the limits to which it is 
confined by the question. When its fluxion is there- 
^^^ore made equal to nothing, that equation may con- 
tain, besides the roots which are applicable to the 
question, others which are not applicable ; and if 
none of the roots be applicable, it shows that the 
maximum or minimum of the expression dees not lie 
within the limit of the unknown quantity, as con- 
fined by the question ; in which case, the roots de- 
duced from making the fluxion of the equation =;;~0^ 
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can be of no use. In the present instance, the ex- 
pression is ■ ~ - (A) for the quantity of light ; 

a nd putt ing its fluxion = O, we get x = — 2* ± 

V^*+Ja* ; but it is only the root x = — 2^ + 

V^+3a* which is applicable to the question, aa this 
is a value of x which lies within the limits of the 
question ; and it gives the expression (A) a maximum* 

The other root ;c= — 2b — Vb^+S a* being negative, 
which X never can be, cannot be applicable to the 
question; but it nevertheless gives -the value of (A) 
when a minimum. But although when we make 

(A) = 0, the roots of the equation do not give the 
points in the orbit where the light is a minimum, 
that is, the superior and inferior conjunctions ; yet 
if we suppose x to be confined to the limits of the 
question, or to represent EV, and V to move round 
in the circumference of the circle, in the two con- 

junctions a? = 0, and we still have (A) =: for those 

points. The equation therefore (A) =0 is, under the 
above restrictions, true for those points, because ihzrO, 
and not because the roots give those points. Whilst, 
in general, a maxinium or minimum of (A) lie within 
the value of x as restrained by the question, the roots 

of ( A) = will give those points ; otherwise, not ; 
and the maximum or minimum in the question must 
in the latter case be sought for, by considering, wlien 
the quantity which is to be a maximum or minimum^ 
ceases to increase or decrease, according to the re- 
strictions of the unknown quantity. In the present 
instance, it is when i? = 0, or in the two conjunctions; 
for had (A) decreased and then increased between the 
ma^mum of light and either conjunction, there would[ 

have been a root of (A) = which would have 
shown the point where die light was a minimum ; 
but ts there is no such root, it shows that (A) 
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I 

must decrease till the planet comes into each conjunc- 
tion ; and as (A) then increases again by the same 
steps by which it decreased, the light at uiose points 
must have been a minimum. These observations 
appear to be of some importance, as they tend to 
remove difficulties .which might otherwise arise in the 
maxima S^nd minima of quantities which are under 
certain restrictions ; for it might naturally be asked, in 
the present question for instance, why do not the equa- 

tion (A) = give three roots, one producing a maxi- 
mum and the other two die minima of light, there ac- 
tually being such points in one synodic revolution of ^y 
planet ? 

For a superior planet, the maximum of light is evi^ 
dently when the planet is in opposition, the whole !^e 
being then illuminated, and the planet is at its nearest 
distance. Now to find whether the quantity of light 
becomes a minimum in going from opposition to con- 
junction, we still have A? = — 2*±V'A*+3fl*. Now 
as g is less than *, i* -f 3a? is less than 4^, and 

%/¥+S^ is less than 2b ; hence, a: ( = — 2^ + 

X/i^+Sa^) is negative ; and the other root is manifesdy 
{ negative ; which not being possible for x, it appears 

that there is no minimum of light in going from oppo- 
sition to conjunction, but that the quantity of light con- 
tinually decreases through that part of the orbit. The 
expression (A) does not pass through its maximum 
and minimum in opposition and conjunction, for the 

reason before given, and therefore the roots of (A) = 
0, cannot give those points. 

If 6 = tf , a: = O, and V coincides with £• 

£x* 13. Let Q be an object placed beyond the princi' 
pal focus Fofa convex lens^ to Jind its position^ when 
tts distance Qq from its image q, is the least possible* 

Put QF = :r, FE = a ; then (by the Principles of 
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Optics) X ; x+a : ; x+a : Qy = --i---=:amin.hence, 

X 



— ? dH ' fi^ 




Its fluxion — 2 — ^ ^ -I-— =0, and by 

assuming the numerator = 0, and dividing hyx+a^ 
" via have 2^x — x'i? — ax=:0,orx — a = 0,.%flf = a. 

^ JBx.^4. To find the Sun^s place in the ecliptic^ when 
that part of the equation of time which arises from the 
obliquity of the ecliptic^ is a maximum. 

Let AV be the equator, AW the ecliptic, S the 

7tr 




B 

Sun's place, and SB JL AV ; then this part of the j 

equatiofi of time is the difierence of the Sun's Ion- \ 

gitude AS and right ascension AB, turned into time. 
Put s = COS. of the angle' A = 23^ 28\ x = the tangent 
of AS ; then by 3pher. Trig. rad. = 1 : « : : x ; tan, of 

AB=:^:c ; hence,by Plane Trig, the tangent of AS— AB 
x^-^^x z ^ ^ 

.% Its fluxion — - — ^^ ^i 2 = ; hence, the 

1+sx* 

numerator a? + «**a? •— 2««*i7 = 0, .% 1 -— ^x* = 0,and 

A? = V i- = 1,04416, the tan. of 46° 14' the Sun's long. 
s 

when this part of the equation of time is a maximum. 

If we retain 1' in the denominator for the square 
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of radius, as the trigonometrical theorem pves it, 
then 1—- *i* = becomes 1* — sx* = 0, and sx* = 1* = 

rad. Y f ^t is, t an, AS x tan. AB=: rad.^* ; but tan. 

AS X cot. AS = rad. |^; thereforetan. AB=rcot. AS; 
hence, AS+AB = 90^. ' 

£x. 15. Given the base CB of an inclined plane AC, 
to find its altitude BA, when the time of the descent of 
a body down the plane is the least possible. 

Put c = CB, X = BA, then s/c^+x^ z=z A C; and 

(by Mechanics) the time down AC varies as =-, 

V X 

which is therefore a minimum, or — -i— is a mini* 

X 




mum ; hence, ^ ^— = 0, or its nume- 

or 

rator 2o(^x — fl?i?— ac*i?=0, therefore A,^=a*, and ;c=a. 

Ex. 16. Gir^n ^A^ io^e CB, to find the perpendicu- 
lar BA, siu:h that a body descending from A to B, and 
then describing BC wi^A the velocity acquired^ the time 
through AB and BC ma^ be the least possible* 

Put m= 16 — feet, a = CB, x = BA ; then (by 

Mechanics) the time down AB = \/ — ; also, with the 

velocity acquired at B continued uniform, the body 
would describe 2 AB, or 2^:, in the same time ; hence, 
as the space described with an uniform velocity i s as 

the time, 2x : a ; : V— : — x V — = — a X Vm 




Maxima 



' Tthe time of descrilnng BC ; hence, the whole time 

" A ^M^HB A^a^^MM^ #^^^ « ■■■■■» 



I = V-+-->P^«*x>/i+Jl^"* X^/i- = a 

? • • i . ^ — i • ^ ""i- ^ 

L nummum, or«^ + -^^ *=:mm. .% — « 'a? — —fl*^ 
I 2 2 4 






« 



i?=0, or ;c *=|aA: "" ^ j hence, Af = — c* 

jEa:. 17, Giv^ the base CB ^cn inclined place AC, 
tojindits altitude BA, 5wcA Ma^ ^^e horizontal veloci- 
ty of a body at C a/ier descending down AC, mai/ fe 
M^ greatest possible. 



Put a = CB, X = B A, then C A = vV+cv> ; now 
(by Mechanics) the velocity at C is as \^Xy and bythe 

resolution of motion Va*+*"" -aiis/xz ^ ~ i 

which is as the velocity at C in the direction BC, 

which is to be a maidmum ; or — r — - = a maximum ; 

flr+AT 

.•. « ^ = 0, or the numerator c?x + 

d^+x^ 

o^x — 2o^Xz=zO; hence, A? =a. 

Ex. \B. Given the solidity of the cone, tojindthe base 
and height^ when the time oj its vibration shall be a 
minimum^ supposing the point of suspension to be the 
vertex. 

Put y = radius of the base, x = the altitude, p = 
3,14159 &c. then | pxy^ :=zs ; and (Ex. 8. Prop. 30 j 

2— =s the distance from the point of suspension to 

the centre of oscillation = minimum. But y*z= — 



*/•* 
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2a 
4cc34.— 

=Cif i.= 2a)?? ; hence, fl = ^+%i ^ ^^ 

afid 253? — ^^^ heiice,«ss 

a"^; therefore y = ^^j_ = ^ 2 x «^ > consequently 
^ \/x 

xiyiil* V2. 

JEic. 19. To find when (A) ;c* — 18;c* + 96jc —^20 
becomes a maximum or minimum. 

Assu me the fluxion = O, and Zo^x — 36;cir + 96i? 

s Sir X 0^ — 12^)^4-32 = ; hence, x = 4 or 8. 'Now 
to determine which value gives the maumum and 
which the minimum, find whether the value of the 
flunon, just before it bec6me8=0, be positive or negU" 
five; if positive^ the succeeding root gives a maximum^ 
if negative J ^minimum; for whilst a quantity increases 
ita fluxion is positive; but when it decreases i ts flux ion 

becomes nega tive, by Art* 1 6* Nowas3i?X J»-^ X 

X — 8 = 3a; X ;c^-~12;^-f 32 ; when x is less than 4, 
each factor being negative, the value of the fluxion 
is positive, therefore the root 4 gives (A) x^ — 18a:* + 
96;c — 20, a maximum; and as, when x increases 
from 4 to 8, one factor b positive and the other nega- 
tive, the flunon is negative, therefore the root 8 gives 
(A) a minimum. When we say that by making x=4f 
it gives (A) a maximum, we mean that (A) first in- 
creases till X becomes 4 and then it decreases, and not 
that it is then the greatdbt possible ; for by increasing x 
after it exceeds 8, the value of (A) increases sine limtte* 
And in like manner, (A) decreases whilst x increases 
from 4 to 8, and then it increases, and therefore when 
:c = 8, (A) is said to be a minimum, not that it is then 
the least possible, for by decreasing x below 4, (A) will 
decrease sine limite. 
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We have here supposed x to increase ; if we sup- 
pose Jt to decrease, and first assume it greater than 8, 
then as x decreases till it becomes, 8, each factor jr-— 4, 
X — 8 bemg positive, the product is positive, and there- 
fore it might appear that the root 8 ought to give a 
maximum ; but as ^ is a decreasing' quantity, its 

flu xion (a?) is negative by Art» 16 ; hence, 3x x :v— 4 

X X — 8 is negative till x becomes 8, and therefore this 
root gives (A) a minimum ; and whilst x decreases 

from 8 to 4, Sir x jc— 4 x x — 8 is positive, and there- 
fore 4 gives (A) a maximum, agreeable to what was 
before determined. This instance shows the necessity 
of attending to the signs of the fluxions of increasing 
and decreasing quantities, without which we might 
have determined (A) to have been a maximum when 
it is a minimum, and a minimum when it is a maxi- 
mum ; for it is merely arbitrary whether we suppose x 
to increase or decrease. 

.When all the roots of the fiuxiohal equation are im- 
possible, as no possible value of x can m^e the equa- 
tion = 0, it shows that by increasing ^, the given quan- 
tity increases or decreases sine Imiite, therefore it 
admits of no maximum or minimum. 

It may happen that the fluxion may be = 0, and yet 
the quantity (A) may not be a maximum or mini- 
mum, which takes place when two of the roots of the 
fluxional equation are equal^ because in that case, the 
sign of the fluxion is the same both before and after the 
equation becomes = from the substitution of one of 
the equal roots. For let the given quantity be ;i^— 
16^^ + 90a^ — 216;c, who se fluxion isAx^dc — 4 8jf^i? 

-1-180^:07 — 216a?=:4i?X^— 12;e^ + 45;c— 54 = 4a? 

X X — 3 x*"— 3x X — 6. Now just before ;v = 3, this 
fluxion is negative, and just after ;f = 3, it is also ne- 
gative ; therefore as the fluxion continues n gative 
whilst X passes through 3, that root does not g ve (A) 
a minimum; but as the fluxion passes from n > ative 
to positive whilst x passes from less than 6 to more 
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than 6, the root 6 gives ( A) s| minimum, its fluxion 
after that time being positive shows that (A) then be- 
gins to increase* * 

Let the flnxional equation have three equal roots, 

as in a? X x — a x x — a x x — a x x — A, and let a be less 
than h. Then it is manifest, that when x is less than 
a, this fluxion is positive, and when x passes through 
a and lies between a and ^, the fluxion is negative ; 
therefore xz=,a gives (A) a maximum. Hence it is 
manifest, that, in general, when the fluxional equation 
has an even number of equal roots, one of those roots 
gives (A) neither a maximum nor minimum ; but when 
it has an odd number, that root gives (A) either a 
maximum or minimum. If the reader wish to see 
any thing further on this point, he may consult 
Lyons*s Fluxions, p. 91. 

Ex. 20. To find the value and position of the greatest 
and least ordinates of a curve^ whose equation is y=x' 
— px*+qx — ^r, X being the abscissa and y the ordinate* 

Take thc^ fluxion, and y = 3^i? — 2pxdb + qx ; but 
when y becomes a max. or min. f/= 0; hence, Sxr^x — 

2pxx + jra? = O ; consequently ^ = — ± V ^ .— — » the 

values of the abscissa corresponding to the required 
ordinates ; and if these values of x be respectively sub- 
stituted into the given equation, the values of the ordi- 
nates themselves will be known. Which of the values 
of X gives the ordinate a maximum and which a mini- 
mum, may be found by Ex. 19. If /?=18, y=60, r 
=10, then :v=2 and 10, the two abscissae ; which sub- 
stituted for X in the given equation, give 46 and —-210 
for the two ordinates, the latter of which being nega- 
tive, shows that the curve at that point lies below the 
abscissa. 
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To DRAW TANGENTS to CURVES. 

Prop. X. 

Let the curve ACZ be described by the extremity of 
the ordinate BC, which moves parallel to itself and va- 
ries in its lerigth; to draw a tangent to the curve at any 
point C. 

23. Let TC V be the required tangent ; draw any 
other ordinate Dr and produce it to « ; draw also CE 
parallel to BD ; join Cr and produce it to t and W j 
produce also CE to any point G, and draw Gmn pa- 
rallel to E^. Now let tirs move up to BC, then by 
the motion of r, the line WrC^ will revolve about C, 
and when r coincides with C, it ceases to cut the curve 
between C and Z, and it does not cut it between C 
and A, for to cut CA, Qt must fall below CT, and 
consequently C W must lie above C V, or r must have 
passed «, which it cannot have done, as r has been 
continually approaching to s and only now coincides 
with it ; therefore when r comes to C, the line W^, 




T A B D 

ceasing to cut the curve, must become a tangent, and 

consequendy WCf will then coincide with VCT. Now 
whilst the abscissa AB by increasing becomes AD, the 
ordinate BC becomes Dr ; hence, the increment of the 
ordinate BC is Er ; and, by similar triangles, the 
increment CE of the abscissa : the cotemporary in- 
crement Er of the ordinate : : CO : Gm. But when r 
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arrives at C, WC coincides with VC, and consequently 
m must coincide with n ; hente, the limiting ratio of 
the increment CE of the abscissa to the increment Er 
of the ordinate, is that of the finite lines CG : Gfi, 
which (by sim. trian.) is the ratio of CE : E*, 
taking DE« in any situation before its coincidence 
with BC ; hence, by Proposition 2, if CE represent 
the fluxion of the abscissa, E« will represent the 
cotcmporary fluxion of the ordinate. Put ABssa:^ 
BCsay, then BD=CE=.r, E«=2/ ; and as BC is pa- 
rallel to E^, and TB to CE, the angle TCB = C«E, 
and CTB=,vCE, consequently the triangles TBC, 
CE* are similar ; hence, ^ (£«)•: dc (CE) : : y (CB) : 

* • 

BT=^ ; therefore set off BT=-^, join T and C,and 

TC will be a tangent to the curve at C. If y decrease 
whilst X increases, then y becomes negative l^' Art. 16» 

and consequently ^-^ or BT, becomes negative, which 

shows that T lies on the other side of B. See Algebra^ ' 
Art. 474. 

Def. The line BT is called the subtangenU 

EXAMPLES. 

r 

Ex. 1. Let the curve AC be a parabola, that isy a 
curve whose abscissa varies as any direct power of the 
ordinate; to draw a tangent at the point C. 

The equation expressing the relation between x and 
y is ax=y^^ for then ;v : w** : : 1 : a, a constant ratio. 
Take the fluxion of both sides of the equation, and we 

have ax^ny^'^ ; hence, — ^^ — , .% BT==^=s-^ ' 

^sinxy because~=A:. 

a 

If n=2, it is the common parabola, and BT=2Ar. 

Ex. 2. To draw a tangent to the ellipse ACPDE/a^ 
any point C. 
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Let AD and PE be the two axes ; put AOs=flf, PO 
zaby ABsBjf, BCa=^, then BD=a2a — x ; and by the 

property of the ellipse, a* : J* : : 2a — x x x : 2/*=-r X 



a* 



^ 



2ax — x^ ; take the fluxions, and — x 2aJt* — 2xx = 2i/y; 

multiply both sides by --, divide by 2 which is com- 

mon, and also by a — x^ and a'=--x -^2L, 

A* a — :v 



a? 



• • 




--X--2-.; hence, BT = 2-.= x -^— = , 

by substituting ~ x 2ax — ;i^ for y^. 

As this value of TB is independent of bj or PO, 
if we take /?0= AO, so that A/>D may be a circle, 
and produce BC to c, cT will be a tangent to the 
circle. If B be between O and D, so that whilst at 
increases y decreases, then t) becomes negative by 

Art. 16. and consequently ^is negative, which shows 

that the subtangent BT lies the other way from B. 

£x» 3. To draw a tangent to the h}'perbola AC, 
rvhose 7najor axis is AD. 
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Bisect AD in O ; put AO=a, the semi-axb minor 
=&, AB=^, BCssy ; then by the property of the 

hyperbola, a* : i^ : : 2a + x x x: y^^-^ X 2ax+o^j 

which is the same equation as for the ellipse, except that 




D TA B 

the sign of y^ is here positive ; ••• BT= . 

a-\-x 

Ex. 4. To draw a tangent to the Cissoid o/^Diocles, 

whose equation is y'«= i-^^ff- Art. 496). 

a X 



^, . „ . j« . Sx^xxa — x+x^db 
Take the fluxion, and 2t/i/= ^ = 

2t/? X a-'OC 2x^ a — x 2x X a — x 

.3fl^2 — 2x^ a — X 3ax^ — 2o(^ 3a-^2x 

Ex. 5. To draw a tangent to the catenary curve. 

The equation of this curve is z^ss2ax + x^ (Prop. 

118) J hence, zi^adb + xXy and i = -^ X ^ » but 

2 

i/»=»»_^» (Prop. 24)=^ X *»— *» = ''"'""' J"''* 

X 0^ s — , and 1/ s=s — ; hence, BT « ^ » -2 a= 
2^ ^ ^2 y a 

y \/2 ax+x^ 
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£x. 6. To draw a tangent to the logarithmic curve* 

Here the equa|K)n is o^ =: ^ (Art. 109.) ; and if A 
and Y be the.}m>. logs, of aand^; then ;^As=Y; 

hence, Aa?=Y=— (Art. 45.\ therefore BT=^=:— . 

Ex. 7. To draw a tangent to the curve whose equa- 
tion w X* = y. 

If X and Y be the hyp. logs, of x and t/, we 

have xX == Y, and jcX + Xa? = Y ; but (Art. 45.) 

X=— andY=^ j therefore i?+Xi?=r^, or yx+yXds 
• X y y 

=y ; hence, BT=^ = . ^ .. . ■ = -r-r^* 

^ y yx+yXx 1+X 

Ex. 8. To draw a tangent to an hyperbola between 
the asymptotes. ' 

Here ocy = a*, therefore xy + yx bs 0, and yx 
-5s — xy\ hence BT=— s=s — iv, which being negative 

shows that T lies on the other side of the ordinate in 
respect to the abscissa. 

24. Draw CN perpendicular to the tangent, 
and it is called the normal^ and NB the JsiXb-nonnah 

Now the triangles TBC, NBC are similar ; hence,^ 
(TB) : y (BC) : : y : BN=^.^the sub-normal. Also 

X 



.-f 
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CN^=J/'+^=5/'X 1 +:g=j/^X^^; hence^CN 



a?» 






the normaJ* 4 

ft 

£:v. Ze^ ^A^ curve be a parabola. 

Here aA:=i/"; .•.aa?=«t;"-ii/,and-:=-^! — ,.».BN=^ 

In the common parabola, where n = 2, 



n-HI' 



BN=-— ^ a being the latus rectum. Also, CN = 



J 



S5. If two quantities begin together and increase 
uniformly, one by x and the other by mx^ m being 
constant, then, by the composition of Ratios, the 
quantities generated will be in the ratio of x : mx^ or 
as \\ tn^?L constant ratio. 

26. If BC move parallel to itself, and AB 
and BC increase uniformly, the locus of the point 
C is a straight line. For let BC come into the posi- 





tion D* ; then as AB and BC begin together and 
increase uniformly, they have always k constant ratio 
to each other, by Art. 25 ; therefore AB : BC :; 
AD : D^, which is the property of similar triangles ; 
hence, AC* is a straight line. Also, as BC is parallel 
to D*, AB : AC : : BD : C* j but AB : AC in a constant 
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ratio ; if therefore BD the increment of the base be 
constant, the cotemporary increment Cs of the hypo* 
thenuse must be constant, or if the former increase 
uniformly, the latter will increase uniformly. Hence, 
the two uniform motions of C, one in a direction paral- 
lel to AB arising from the motion of BC, and the other 
in 'the direction BC, generate an uniform motion in a 
riffht line AC. 

27. The fluxion of the curve line AC, cotemporary 
with CE, E* ^figure to Art. 23) the fluxions of the*ab- 
scissa and ordinate, is the space that would be describ- 
ed by the point C with its motion continued uniform 
for the time in which CE, E^ are described. Now the 
motion of C arises from two motions, one by which it 
is carried parallel to AB by the motion of BC, and the 
other by which it is carried in the direction BC by the 
increase of BC ; and (Art. 26) the uniform motion of 
C is determined by making these two motions become 
uniform ; but when these two motions become uni- 
form^ they are represented by CE and E5,.by Art. 23, 
and these two uniform motions produce a cotemporaiy 
uniform motion C*, by Art. 26 ; hence, by Prop. 1, C* 
wiU represent die cotemporary fluxion of the curve line 
at the point C. 
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To DRAW ASYMPTOTES to CURVES, 



DEFII^ITIOJ^. 

28. If a right line, intersecting the axis of a curve 
at a finite distance, continually approach to the curve, 
and arrive nearer to it than by any assignable distance, 
but indefinitely produced never meets it, it is called aa 
Asymptote. 

G 
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Prop. XL • 

To draw an asymptote to a curve* 

29. Let SDW be an asymptote to the curve AC ; 
then, by the defimtion, we may consider the asymptote 
5 W as the limit to which the tangent amroaches, when 
the abscissa AB is increased sine limite. Draw AE 
parallel to the ordinate BC produced to D, and let TC 
be a tangent to the curve at C. 

Put AB =:x,BC=yi then by Art. 2*3. BT = Sf ; 

hence, AT=^ —at. From the equation of the curve, 

find the value of this quantity when x and y are infi- 
nite, and if it be then finite, the curve admits of an 
asymptote SW, and the value of AS is obtained* 




Then having computed the value of BT, find the pro- 
portion of TB to BC ; and to get their limit, make te 
and y infinite, and you get the proportion of SB to BD, 
because the limit of TB to BC is SB to BD ; but, by 
sinular triangles, '^SB z BD : : S A : AE, the ratio 
therefore of SA to AE is known, and as AS is known, 
AE is known ; tiierefore the point E is determined ; 
draw SE, and produce it indefinitely, land it will be the 
asymptote. 

EXAMPLES. 

Ex» !• Let AC be the common hyperbola. 
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Here, by Ex. 3. Art. 23. BT = Hff±^ there- 

fore AT= Il__jc=: the limit of which, when 

:v is infinite, is~=:a= AS; hence, S is the centre of 

X 

h — — — . 

the hyperbola. Now BC=— x VScw+x^, and BT=s 

a 

2^+^ L ^rr. nr^ 2ax+X^ b .- 

. ; hence, BT : BC : : -i— : — x VSaAr+jc*, . 

the limit of which (when x becomes infinite) is as :c ; 

— Xxixaib'.iBSi BD :: AS : A£ ; but ASsa, .\ 

A£=:& ; hence, draw A£ parallel to BC, and take it= 
b^ join SE, and produce it indefinitely, and it will be 
the asjnmptote. 

Ex. 2. Let the equation of the curve be y'=ax'+x?» 



Here 3y«i/ = 2aPfi? + 3«?»i?, and BTssSf!-- 

^~;=t: — -^^T > ^o» BC=y= VoAc^+flf^ j hence. 

BT : BC ; ; f ^+^f : \/S:?+S?,the limit of which 

(when X becomes infinite) is ;c : ^r :: BS : BD :: 

AS:AE;.-.AS = AE. But AT=22^^iJ~;c = 

2ax+Zx^ 

> ■ ■ ■ ', the limit of which (whence becomes infinite) 
^ax^'ooc^ 

is ---=AS; hence, A£=: — ; take therefore AS= — ,and 
3 ' 3 3 

AE z=. -^f join SE, and produce it indefinitely, and it 

will be the asymptote. 
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To DRAW TAJJtJENTS to SPIRALS. 

DEFINITION. 

30. If an indefinite right line SM revolve about S, 
and a point C move in it continually from S, it will de- 
scribe a curve called a spiral; S is called the centre, and ' 
SC its ordinate. 

Prop. XII. 

t' 

To draw a tangent to any point G of a spiraL 

31. Let YC^ be a tangent to the spiral at C, and 
SY perpendicular to SC ; draw CE perpendicular, and 
E^ parallel to SM. Now the describing point C has 
two motions, one in the direction SM, and the other 
perpendicular to it, arising from the motion of SM 
about S. The describing point C is therefore under 
^ very same circumstances as in Art. 23. upon sup- 
position that CE is there perpendicular to the ordinate 
CB ; the fluxions therefore must be represented here in 
like manner as they were there ; for the fluxions at the 
point C in the directions CE, CM, and C^, depend (Art. 
S.) entirely upon the velocities of the describing point 
C in those directions, without any regard to what m9,y 
take place afterwards from the further motion of MS 
about M ; the fluxions therefore will be just the same 

Ml 



M^ 




as if the ordinate were moviog pcirallel to itself, and the 
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describing point C had the same two motions given to 
it : hence, by Art. 27. C^ is tl^fluxion of the curve, 
and by Art. 23. E^ is the fluxion of the ordinate, and 
CE me fluidon in the direction perpendicular to 
SC. Put SCa=t/, then E*=«/ ; and, by similar trian- 
gles, EC*, CSY, Es(y) : CE : : CS (y) : SY=^^S^. 

Cor. If the point C have no motion in the direction 
SM, the curve described will be a circle, and E« be- 
conoing as O, the cotemporary fluxion of a circular arc 
whose radius SC revolves with the same angular velo- 
ci^, will be CE. 

33. With any radius SA describe the circle ABD, 
produce SC to B, and SE to v meeting Bv a tangent to 
the cirde ; and suppose the angle ASC to vary as SC*. 

Put ASssr, SCsaey, AB=a:, Bw=a? cotemporary 
with the fluxions CE, Es ; for the velocity of C perpen- 
dicular to SC : velocit}^ of B perpendicular to SB : : SC 
: SB ; then as a^ is the measure of the angle ASC, let 
us suppose that when x becomes =r, y becomes t ; then 

XI r::y^ I f^^ .*. -^s^x. and —2 — "=:XszBv ; and 

^ ' pn ^ pn ' 




.«i-*li 



by similar triangles SBi>, SCE, r r^ : : ^''^ . ^ : CE = 
^; hcBce, by Art^aU SY {^^J^ytH^l^-^ 



f'" 
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Con If SZ be perpendicular to CT^ we have^ 
by aim. trian gles, YSC, SC Z, CY : CS : : CS : CZ»» 

CS^ ^^ . . JT^^^^?^*-] _ try Abo, 

CY:SY::CS:SZ-5^=-^:+l=. 

EXAMPLES. 

Ex. !• Let the curve be the spiral ^Archimedes. 
Here w=:l, and SY == ^ ; hence, CY =y ^ + ^, 
«. y y "^ , ; therefore CZ=: — =5==^. Hence alao* 

t S/ y2+ft 

jE';c. 2. Zf ^ f A^ cMrre iff the reciprocal spiral. 
Here !»» — 1, and SYss — f, a constant quantity. 

Ex. 3. Let the spiral be the lituus. 

2<* 
Here m = — 2, and SY^ . 

y 

Ex. 4. Xft the curve be the logarithmic spiral. 

This curve is generated by the uniform angular 
motion of SC about S, whilst C recedes from S with 
a velocity proportional to SC ; hefi€e, ^E, the fluxion 
of SC, varies as SC ; but as the angle CS£ is alw^s 
the same in the same time, SC will vary as Cr, ; 

CE 

hence, CE : E« (;/)*•*• a : 1, a constant ratio, •*• — p- sser, 

and SY=s^— : — = ay ; consequently SY : SC : : ay i 

y :: a: 1, a constant ratio ; hence, the triangle SCY 
continues always similar to itself, and therefore the 
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ang^e SCY is constant, and is known from the ratio of 
a: 1. 

Prof. XIII. 

To draw a tangent to a curve ZP W, the nature of 
which is expressed in terms of SP, HP, drawn from 
two given points S^ H. 




W 

33. Let PT be the tangent at P, produce SP, and 
taking Vm to express the fluxion of the curve, if mr be 
drawn perpendicular to PL, and mn to HP, then (Art. 
31«) Pr and Pn express the cotemporaiy fluxions of 
SP, HP. Draw HT perpendicular to HP, meeting 
die tangent PT at T, and draw TL perpendicular to 
PL ; then the figure PHTL is similar to Pnmr, and 
Pr : Pn : : PL : PH ; if therefore PH represent the 
fluxion of PH, PL will represent the cotemporary 
fluxion of SP ; putting therefore SP=;c, HP=y, we 
have the following rule : 

Put the /equation of the curve into fluxions ; assume 
t/ss^, and find a? ; take PL =0?, and perpendicular to 
PL draw LT, meeting a perpendicular HT to HP, in 
T, and join PT, and it will be a tangent- 
Ex. 1« Let ZPWt>e an ellipse, whose foci are S and 
H, and major axis a ; then :c-f j/sa, and i?-f f^ssO, and 
assuming i/=y (Art. 3. Cor. 2.), we have i?s= — y ; 
take therefore PLs=sPH, draw LT perpendicular to 
PT, and HT to HP, and PT is the tangent. 

Ex. 2. Let ac"»t/»s=sa a constant quantity; then 
mj/**j:"^'i?+n^j/**"*i/=0, and assuming j/=t/, we 

get a?= ; take tRerefore PL «= — , draw LT per- 

m * m 



« 
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pendicular to PT, meeting HT perpendicular tb HP 
in T, and PT is the tangent. 

Ex. 3. Let x^+y^^a a constant quantity ; tlien 
in*'^*i? + ny'»"*f/=0, and assuming i/=y, we get 

A = "T ^ ■; take therefore PL « ^ , , draw LT 

perpendicular to PT, meeting HT perpendicular to 
HP in T, and PT is the tangent* 

Ex. 4. Let X : y :: a : b SL given ratio ; then x => 

^, and ^=-^ = (by assuming y=ay) -^ ^x; hence, 

PL=:v ; take therefore PL=PS,draw LT-perpendi- 
cular to PL, meeting HT perpendicular to HP in T, 
and PT is the tangent. This curve is a circle* 
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On the binomial THEOREM. 

Prop. XIV. 

To express the value of2L±x |* by a series. 

34. The square of 1 +xi^l + 2x + x^; the cube is 
1 -f 3:c + 3a?* + x^<f &c. hence it appears, that the coeffi* 
cients do not depend upon the value of a^, but upon the 
index of the power ; tnerefore if x be diminished and 
at last vanish, it will make no alteration in the coeffi- 
cients. And as by the continual multiplication of t+x^ 
we manifestly get a quantity with all the powers of x 

regularly ascending, let us assume l+xYsal+ax+i^ 
+cx^+dx*+kc. Now to determine the values of a, A, 
c, d^ &c. take the fluxion of both sides of this equation, 
omitting db as it will be common to every term ; thm 
take the fluxion of the resulting equation, and so on 
continually, and we get the following equations. 
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n.n — 1 X 1+^ 



f»-2 



"^ =2.3c+2.3.4rf;c+&c. 



tun — l.?}— 2 X 1+iv 

Now make a; = 0, an d fro m the first equation, 
n=sflr ; from the second, n.n — 1 = 2b ; from the thirds 

n,n— l.n — 2 =s 2.3c, &€• hence, a = n ; b ^n. ; 

2 

cssn.-^^. , &£• where the law of continuation 

2 3 ' 

is manifest. Hence, 1+:^^" =r 1 + n^: + «. ^ + 

W. . — - — a;^+8cc. Now if 71 be a whole positive 

number, it is manifest that this series will terminate, 
for we must come to the coefficient n.- 



.... 



2 w+1 

«=0. But the above investigation holds, whether n be 
a whole number or fraction, positive or negative. 
If n be a negative whole number, the series will never 
terminate, because the numerators w, n — 1, n — 2, &c. 
become dien — n^ — n — 1, — n — 2, &c. and there- 
fore can never become = 0. Also, if n be a fraction, 
it is manifest that w, n— 1, n — 2, &c« can never 
become = 0, because a fraction can never be 
destroyed by the subtraction of a whole number 
from it. Hence, the series* will always run on ad 
infinitum, unless n be a whole positive number* 
If the binomial be 1 — x^ then x becoming negative, 
the odd powers of x will be negative and the even 

powers will be positive j hence, 1 — x^ = 1 — wa: + 
n — 1 a 71—1 n — 2 , o 

2 2 3^ 

35. Hfcnce, we may ejroand a-UcY. For a« 

H 



< • 
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=(bywrit- 



a a 

ing — for X in the series in the last article) c^ X 



a 



t+n. f- /I. .— + n. . .-- + &c. = a" + 

tw^^'a: + n. a"~*.x* + n* . a^'^x^ 4- &c. 

2^23 

For the different cases where the series converges or 

diverges, or becomes = O, see Dr. Waking's Medm 

Anal, p. 415. 

The principal use of this rule is to extract the roots 

of binomials ; for if n be a fraction, the series gives 

that root of the binomial which the fraction expresses* 

BXAMPLESr 

£x. 1. tVhat is the square root of 2^+7? y or the value 
of a^ + z^j^ in a series P 

By the Elements of Algebra, Art, 250. a^+z^']^ = 

with l+jv"|",andwe 



a X 1+-2 ; compare 1 + -- 
cr \ a^ 



1 



have-T-=A:,— =7i; hence, by substitution axl+-^ i 
a* 2 (r\ 



2V"*"2' 2 V 2* 2 • 3 V 






f -f--+ r — &C. 

2a 8a^ 1:6a* 

£:v. 2. W%a^ is the fourth root of 1 — x, or the value 
of 1 — x"|^ in a series P 

1 .1 I I 1 I 

Here n= — , and 1 — x r === 1-— — ^-1 — •- — a?^-*- 
4 ■ ' ,4 4 2 

4 2 3^ 4 4.8 4.8.12 



Binomial Theorem* - 51 

Ex» 3. What is the cuife root of a — z, or the value of 
a^-z p in a series ? 

First,a — z'\^=a'^ Xl [ ; andcomparingl— — | 

with 1- — X r,we Have— =flc, n= — ; hence, o^x 1 

' a ' 3 a 



1 £ 1 ^— i z» JLizi.izf - 

3^«"*"T* 2 V T* 2 3 'a* 



1 ^ 1 2; 1 i — 1 z^ 1 4 — 1 7^ — - - , o 



Sa^ 9a7 81a* 

Ex. 4. PFAaf w the Violue of — — ■ » in an infinity 

Vaz — z* 
series ? 



1 — ri-i 



First, . — ^ = » = XI f . ; 

a 

1-i _„ 

and comparing 1 j with 1 — x] , we have — =:v, 



72= ; hence. - — x 1 — — I = x 



. —1 2 , — 1 —4—^ 2;* —1 —1—1 —^—2 2* , 
^ r-7+"2 2 S3 2" 2 3-—^ + 

1 3 5 - 

^ 1,2^, 32^ , 5z^ , g 

&c. = _,+_+-^+ 5- + &c, 

a^2^ 2a^ 8a^ J6a^ 

JE:v. 5. To resolve -r r m^o an infinite series. 

a^+2ax+x^ ^ 

This quantity is ^ ss a-f^"| ; which compared 

with a+x^^% gives n = -—2 ; hence, a+^l"^=a** — » 



« • 
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&c. = ——_+-_—, _. + &€. 

a^ cr a^ a* 

JSiX-. 6. JFRa^ w the value of r in an infirdte 

^ 2az+z^ *' 

series ? 

1 1 

This quantity is equal to . — x 

z 2az 

2azxt+ — 

2a 



1 +— I ;andbycomparingl+— I with 1 +af"|"> 



we have flr= — , ti = — 1 ; hence, x 1 -J 

2a ^202 2a 

1 ^ ^ z ^ — 1—1 2* o 1 1 

2— X 1 — 1. — — -1. .7-;— &c.= »— — 4. 

2^2 2a 2 4a* 2a2 4a2_ 

r- — Sec. 

I 

In like manner we must proceed in the expansioa 
and division of all binomial quantities* 



Thi^ value of 1-H^J" has been ae&umed = 1 + a;^ «f. 
hx^ + c;i^ + &c. and applied in all cases, whether n be 
a whole number or a fraction ; if n be a whole num- 
ber, it is manifest from the observation in Art. 34, 
that this must be the form of the series ; but if n be 
a fraction, it is not so obvious that we may assume the 
same series ; the legality of the assumption however in 
that case may be thus shown. Let n = any fraction 

— , r and s being whole numbers. Now the value 



s __^_^ 



of 1+^ I is expressed by 1 +ax + bx^ + cx^ + &c. 

r 

Ijut T+xT is the s^ power of l+x^'i therefore such 



' Binomial Theorem* 53 

a series must be assumed for 1+^1 • ,that the ^pow- 
er thereof may pve a series of the form l+ax+bx^+ 
cx^-^Cm Now any power of the series l+A;c+jr;c*4- 
r:v*+&c. will pve a series l+fltr+iA^+c^+&c. there- 
fore we must assume a series of that form, where the 
powers of x regularly ascend, to represent the value of 

^^^^ r 
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On the method of FINDING FLUENTS. 



36. nr^HE business of the direct method of fluxions 
X is to find the fluxion from the fluent ; to find 
the fluent from the fluxion is sometimes called the in- 
verse method of fluxions. It is not difficult to put any 
quantity into fluxions, there being direct rules for that 
purpose ; but there are no direct general rules for find- 
ing a fluent from a fluxion ; and very oft^n it is impos- 
sible to do it, except by an approximation by an infinite 
series, as the fluxion may be such as could not arise 
from putting any fluent into fluxions. We cannot 
therefore lay down rules for finding the fluents of any 
other fluxions than those whose forms show them to 
have been derived from some fluent. 

Prop. XV. 

To find the fluent of any power of a simple quantity 
multiplied by the fluxion of that quantity. 

37. The fluxion of oc^ is Zx^x^ therefore we know 
that the fluent of Zx^x is o^^ and it is deduced from 
the fluxion, by the converse of the rule for putting x^ 
into fluxions. In general, the fluxion of x'^ is 
(Art. 12.) nx^'^Xi therefore the fluent of y2;v""'i? must 
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be o^f and this fluent is deduced from the fluxion by 
the following 

rule: 

Add unity to the index, divide by the index so in* 
creased, and also by the fluxion of the root. 

EXAMPLES* 

Ex. 1. The fluent of To^x is ;c\ 

Ex. 2. The fluent of at^o? is — . 

10 

Ex. 3. The fluent of Sx^x is — . 

4 

7 ^ 3 7 « 7 t 

Ex. 4. The fluent of — x'^x is — x — X Ar^= — x^. 

9 8 9 24 

Ex. 5. The fluent of — or 6;v^i? is = . 

;v» — 8 4y» 

Ex. 6. The fluent of ^ or 3t/-4y is — x 3i/^ = 

^^ I 

38. If.n t= O, or the index of x be — 1 , the fluxion is 

X 

— ; but this fluxion cannot be generated by x<>, because 

X 

(by the Principles of Algebra) ;c® = 1, a constant quan- 
tity ; hence, the fluent of — cannot be found by this 

X 

rule. 

Prop. XVI. 

To find the fluent of a binomial quantity {one part of 
which is constant and the other part variable) raised to 
a power where the term without the vinculum is the 
fluxion of the variable term under the vinculum^ or in a 
given ratio to it* 
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39. The fluxion of a*" + x^\^ h (Cor. Art. 12)n:f( 

X rx^^df^ which is found by tfic same rule 
as the fluxion of ar". Every complete fluxion therefore 
of this kind must necessarily have the index of the 
variable quantity without the vinculum, less by unity 
than the index under the vinculum. Hence, every 
quantity so circumstanced may have its fluent found 
by the above rule. 

If r r^ 1, then r — 1 = O, and x^:=l; therefore the 

fluxion becomes n x a + x'Y*^^ x x» 

EXAMPLES. 

Ex. 1. What is the fluent o/sl + h]^ XxP 

Here the fluxion of t he root a+x'\^x\ hence, the 

^ ^. a-^-xV Xdo a + xY 

fluent IS ~. = — -— =-. 

7x 7 

Ex. 2. What is the fluent of^^\^ X xx ? 

Here the fluxion of the root a* + a^ is 5lxx ; hence^ 

the fluent is ^^^1^ ^ ^^ = ^T^!. 

4 X 2xx 3 

Ex. 3. What is theflu^tft ofa!^ — x*]^ X 3x^x ? 
Here the fluxion of the roota^ — o<^ is — ^oc^x \ 

hence, the fluent is Q^— y">X3A^J b _ _ 9Xfl^— ^1^ 

|X—- 4^4^ 32 

Ex. 4. What is the fluent of ^^^ — ? 

This quantity is = a» 4- G^v^"!"^ x x^x ; and the 
fluxion of the root a^ + 6a?^ is SA:X^x ; therefore the 

fluent is ^'^^x^i^Xx^x ^ a^ + 6x^f ^ 
I X 54fX^x 27 

Quantities which at first do not stand undfer this 
form, may frequently be reduced to it. 



.%.* 



r 
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HOC ' 

£x. 5. What is the fluent of ~? 



a« 



First, a*+x'« = — +lx^= a*^"* + 1 X ^; there- 
I -7i — : il . , ax 



fore a^ + a^*"]^ = a*Ar« + 1 J^ x ^; hence, 



a*+;^l^ 



^70? 



= «**"** + 1 "] ^ X a:t^Jt*, where the 

index of*- without is less by unity than that under the 

vinculum ; hence the fluent is ^^'^ "^ ^ 1 X^^'^^ -= 

— |X — 2d^x'^x 

1 X 



is^xr^ -f- 1 j* X a a* + x^'\^ xa 

40. If both quantities under the vinculum be vari- 
able, and the quantity without be the fluxion of the 
quantitv under the vinculum, or in a constant ratio to 
it, the fluent may be found by this rule. TMus, the 

fluent of c^y^ + y^l^X^a^yy + ^y^jj is ^Xa^+i/]^-, 

but these cases seldom occur. 

Prop. XVIl. 

To find the fluent ofa + cz'^'Y* X dz^'^^^z^ where the 
index ofz without the vinculum increased by unity ^ is 
some multiple of the index ofz under the vinculum. 

41 . Put a+cz^'^ix. then 2"= , .•. 2"» = L 

take Its fluxion, and rnz^^x = -^ , .•. 

^m-i^ = .—Xx^^^^^ XX\ hence (putting r — 1= *), 
iofttr-x^ = — J. X X — a\x * = (by expanding .v~a|') 



58 Method of finding Fluents* 



— XXX oc'-^ax^^ +* . {j^o(r^ — &c. substitute 

nc^ 2 . 

this quantity for dz^^^x>j and x*^ for a + cz^'Y*, and 
the Riven fluxion is transformed to — x 



x^x X X* — sax^^ +s • — -— a*;e^*— &c. = — x 

2 mf 

5e»»+ #ar — sax^-^^-^x + s . ^IZlia^x!^ +'-*i?— &c. the 
fluent of each of which terms is found by the Rule 
in Art. S^- hence, the fluent required is — x 



nc 






-f — &c. 

Now let us consider when the fluent of the given 
fluxion can be expressed in finite terms* 

1st. Hf r, and consequently «, be a whole positive 

number, the series arising from the expansion of x" — a]* 
will terminate, and the fluent can always be found if 
m be a positive whole number, or sl positive or negative 
fraction. 

2dly. If r be a positive whole number, and tti a ne- 
gative whole number^ greater in magnitude than 5+1 , 
or r, the fluent cah always be found. But if m be 
a negative whole number equal to or less in magnitude 
than r, the denominator of one of the terms must be- 
come = 0, in which case the fluent of that term fauls ; 
for in the fluxion it was of this form xr^de^ which by 
Art. 38. admits of no fluent by the rule here given ; it 
may, however, be found by logarithms, as will be ex- 
plained in Art. 45. 

3dly. The given fluxion, by reduction, becomes 

az'^+cY' X dz^'-h^X "-^ ; hence, if m and r be both 
fractions, but such that tn+f may hp a whole negative 
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number, the fluent can always be found* This will 
appear, by transforming the fluxion as before ; and the 
series will always terminate ; nor can any of th^ de- 
nominators of the terms of the fluent become equal to 
nothing, so as to make the fluent of such term fail, as 
k is here taken* 
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To FIND FLUENTS by LOGARITHMS. 

42. The property of logarithms, or their relation to 
natural numbers, as has been already explained in Al- 
gebra, is this, that as the natural numbers increase in 
geometric progression, their logarithms increase in 
arithmetic progression. 

43. Let a increase till it becomes 6, c, • • • • m, 72, o^ 
&c« and suppose axbwbici &c. :: mi ni: &c. then 
aim:: a—b : m — n ; now a — b is the increment of a, 
and m — n is the increment of m ; hence, aim:: the in- 
crement of a : the increment of m ; and as this is true 
in every state of the increments, if we make them van- 
ish, we have ai mm the limiting ratio of the incre- 
ment of a : the increment of m, that is, as the fluxion of 
a : the fluxion of w, by Art. 7. 

44>. Let^ be any number, and x its logarithm ; then 
if X increase uniformly, or if x be constant, y will in- 
crease in geometric progression, therefore, by the last 

article, y varies as f/, and ^ is constant ; hence,^is con- 
stant ; put therefore ^ ^ M, and we have a? = M X 

-^ ; that is, the fluxion of any logarithm is equal to a 

constant quantity multiplied into the fluxion of the 
number divided by the number. The quantity M is 
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« • 



=(bywrit- 



a a 

ing — for AC in the series in the last article) c^ X 

^2 ^23 

For the different cases where the series converges or 
diverges, or becomes ■= O, see Dr. Waking's Medm 
AnaL p. 415. 

The principal use of this rule is to extract the roots 
of binomials ; for if n be a fraction, the series gives 
that root of the binomial which the fraction expresses* 

BXAMPLESr 

Ex. 1. What is the square root (j/'a'+z*, or the value 
of a^ + z^ j* in a series ? 
By the Elements of Algebr a, Art, 250. o^If^'ji ^ 

with l+jv"|",andwe 



« >< ^+"2 5 compare 1 +-- 
a^\ a^ 



1 



2* 1 . x^ii 

have-^=;f,— =7i; hence, by substitution axl+-2 I 
^ a \ 



a* 



1 2* 1 i— 1 Z< . 1 \ 1 ^—2 2« o 

Z* 2^ 2^ « 

2a 8a^ 1:6a* 

£jc. 2. What is the fourth root of 1 — x, or the value 
of 1 — x"|* in a series ? 

Heren= — , and 1 — oc\^^ 1— . — xA — .2111-a?^— 
4' • ,4 4 2 

4 2 3^ 4 4.8 4.8.12 
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Ex. 3. What is the cuife root of a — z, or the value of 
aT— z p in a series ? 

Firstjfl — 2"l^=a^ Xl [ ; and comparingl— - P 

^ "ii 

with 1- — X r,we Have— =flc, n= — ; hence, a^x 1 f = 

' ' a ^ 3 ^ a\^ 

1 ^ 1 z 1 4—1 z« 1 4—1 4—2 2^ , g 

3 «^ 3 2 a* 3 2 3 a* 
4 2 2* 52* « 

Sfl7 9a7 81a^ 

JS^. 4. PFAaf is the value of — in an infinity 

Vaz — z* 
series P 



1 —T^-i 
XI 

-J 



a 



Vaz— 2* 1 i. .>^j _z 4 4 « 



with 1 — x] , we have — =x^ 



= ; hence, - — x 1 I = x 

2 ' ij a\ I i^ 

a^TT a*z^ 



—1 2 ,— 1 —4--^ g^ — 1 — j — 1 — j— 2 2* 
^ r-^"*'"^ 2 a« 2 2 3^*05 + 

1 3 5 

&c. = -_+_+-^+ 5- + &c, 

a^z'^ 2a^ 8a^ J6a^ 

JE;c'. 5. To resolve -r ^ — :^ into an infinite series. 

a^+2ax+x^ ^ 

This quantity is ^ =: a-f^"| ; which compared 

with a+^l**, gives n = -—2 ; hence, a+^"|"^=a** — » 



• » 
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Ex. 7. The fluent of — ^^^ is the h. L 



\/c^+x^ 



Va*4^+a 



For, put Va*+;r*=ry, then a*-fA^=y*, therefore xdo 

^yy, and 2a^=^. that is, — H==if^, 
xy x^ ocy/a^ + x^ y^ — a« 



whose fluent, by the last example, is h. L ^ — = h. 1. 

^ ' y+^ 

Va^ +x^ — a 

-7========-- — . In like manner, the fluent of 

V a^ + x^ + a ' 

2adb . , , a — \^a^ — x^ 
IS n* !• 



Ex. 8; The fluent of ■ is — h. |. 



1 +Vl + b^x^ 



X 



For, put — =y, then x^db= — li ; hence, the fluxion 

X 

becomes — ^ , whose fluent is (by Example 4) 
Vb^+y* 



— h. 1. y +Vb^+yh=z — h. li+Sb^ + JL^ — h.l. 

, X x^ 

1 + Vl. + b^x^ 

These are the most useful forms of fluxions whose 
fluents may be found by a table of h3rperbolic loga- 
rithms ; which table may be supplied, by multiplying 
the logarithm found from the common tables by 
2,30258509, which will give the corresponding hyper- 
bolic logarithm. 
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Ex. The fluent of 



X 



1 +x 



is the h. 1. of 1 4- x" ; if 



a: = 1, the fluent is the h. L of 2 = 0,693147 ; if iv=4, 
&e fluent is the h. L of 5 = 1,6094379. 
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To FIND FLUENTS by CIRCULAR ARCS. 



Prop. XIX. 

The length of a circular arc for every degree^ mi- 
nute^ and second^ to radius ^=.1^ being gtvetiy to find 
ftom thence certain fluents. 

46. Let AD be a circular arc whose centre is C, 
AT its tangent, DB its sine ; draw ms parallel to 
BD meeting the tangent D« in «, and Dn parallel to- 
Btr. 

Put CD=a, AB= x^ BD==y, AD = z, AT=^ CT 
=5 ; then by Art. 23. D« = (i, Dn =i?, ns=y. Now 
the triangles CBD, snD are similar, for they are right- 
apgled at B and 72, and the angle «D/}=CDB, because 
TsDC is the complement of each. Hence, y:a::x:% 




= — ; but y = VCD* — CB» = /s/a»-.« — ;c|' = 



V 
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ax 



V2ac-^ ; .•. « = " — , Also, Va«— £/» (BC) 
'.axi^i i>z=. ■ ■ • > Again by sim. triangles C AT, 
CBD, * (CT) : a (C A) : : a (CD) : CB = — , .-. AB = 



a* t « . T« »^ o*i 



a , whose fluxion Bm or Dn = --- ; hence, from 



rt*i 



the sim. tri a. Dsrij CAT, V^ — a* (AT) : 5 : : , . 
i = — ' Lastly, V^^* — a* = f , ••• — ==r: =f, 

and z [ = — — ) = -3- = o , o » Hence, the 

fluxion of the arc AD, or ^, is expressed unfter four 
xlifFerent forms in terms of the right sine, versed sine, 
tangent, and secant ; consequently the fluent of each of 
these fluxions will be expressed by z. Hence 

• 

Ist Fluent of — ==== is a cir. arc whose rad. is 
a and sine y. 



Va* — 1/* 



QJC 

2d Fluent of — ==^=i is a cir. arc whose rad. is 

\/2ax — AT* 

a and versed sine x. 

3d Fluent of is a cin arc whose rad. is a 

c^ + t* 

and tangent t. 

4th Fluent of — ==■ is a cir. arc whose rad. is 

a and secant s. 

Now, by a table exhibiting the length of circular 
arcs for all degrees, &c« of the quadrant to radius 
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unity, if these arcs be multiplied by a we shall have 
their lengths to the radius a. Hence, for example, 

• 

what is the fluent of — — ^*— i when u is the sine of 

30°? The length of an arc of 30° to radius 1, it 
0,5235987 : hence, the length of the arc to radius ^, is 
0X0,5235987', the fluent required. Thus, the fluents 
of all fluxions under any of these forms may be found* 

47. A fluent can have but one fluxir , but a 
fluxion may have an infinite- number c : fluents ; 
thus, the fluent of a? is a^, or a? ± a, whate , er be the 
value of the constant part a. By Prop. 4. in taking the 
fluxion of a binomial, the constant part goes out, and 
therefore, when the fluent is taken back again, that con- 
stant part does not appear. Now to determine, in any 
particular case, what this constant part is to be, or 
whether any such quantity is to be annexed, consider 
whether the fluent first taken becomes equal to no- 
thing, or of a known value, at the time it ought ; if it 
do, it requires no constant quantity to be added ; if it 
do not, such a quantity must be annexed to it, as will 
make it become equal to nothing, or to its proper va- 
lue. This is called the correction of a fluent. 

48. Although the fluxion of a quantity be relative^ 
that is, if de denote the fluxion of ;c, then will nx^^^Jb 
be the fluxion of :c", where i? may be assumed of any 
magnitude, yet the fluents are not at all affected by 
varying a?, the fluents of these quantities x and 
njc^^^a? being x and jv", whatever be the value of a;. 
Hence, of whatever magnitude we assume the fluxion 
of any quantity, the fluent will always give the quan- 
tity generated. In the following Problems, therefore, 
the fluxion of the area, solid, curve line, or surface, 
may be assumed of any magnitude, and the fluent, 
corrected if necessary, Mrill give the quantity which 
has been generafed. 

< K 
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To FIND T^E AREAS OF CURVES. 



Prop. XX. 

1^0 find the area ABC of any curve^ whose ordinate 
•^ BC is perpendicular to the abscissa AB. 

49. Let ABC be any curvilinear area generated 
by the uniform motion of 'the ordinate BC ; 
pn AB, BC describe the parallelogram ABCD, 
^nfi conceive this to have been generated hj 




the same uniform motion of a line equal and 
parallel to AQ ; draw bm parallel to BC, and com- 
plete the parallelogram Bbmn, and produce DC to c. 
Then AD being constant whilst BC varies, the next 
increment of the parallelogram is pCc6, and the 
cotemporary increment of the area ABC is BCm^ ; 
hence, thp ratio of the increment BCcb of the paral- 
lelogram to the cotemporary increment BCmb of the 
area ABC, is always nearer to a ratio of equality than 
PCci : Bnmby or nearer than BC : bm ; now, let bm 
move up to, and coincide with BC, in order to obtaii^ 
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the Itmiting'miio of the increments, and we get the limit-^ 
ing ratio of BC : bfn^ a ratio of equali^ ; hence, a 
fortiori, the limiting ratio of the increment BCc^ of the 
parallelogram, to the cotemporary increment BCm^ of 
the area ABC, is a ratio of equality ; therefore by 
Prop. 2. the fluxion of the parallelogram A BCD 
is equal to the fluxion of the area ABC ; but BCc6 
being the increment of the parallelogram uniformly 
generated, will represent its fluxion, by Prop. 1. 
hence, the fluxion of the area of the curve ABC 
will be represented by BCc6, the cotemporary fluxion 
of the abscissa AB being B^. If therefore ABrrx*, 

BC = t/, B6 = a?, and A = the area ABC, then will 
• • • 

A = BCcb = yiv ; the fluent of which, corrected if ne- 
cessary, gives A. 

Cor. Hence, the fluxion of any area generated by 
the motion X)f a straight line in a direction perpendicu- 
lar to itself, is as the length of the generating line and 
its velocity conjointly. And as a curve line, moving 
in a direction perpendicular to itself, must describe the 
dame area as a straight line of the same length moving 
with the same velocity, the fluxion of the surface gene- 
rated by a curve line, so moving, must be as its length 
and velocity conjoindy. 

EXAMPLES. . 

£x. 1. Let AC be any parabola ; to find its area. 
Here ax=n/^ ; hence, ax^=ny^'''\y^ and a? = — — -^ 

.-. yx = !^Os=A, whose fluent (ArU Z7) A=zz==z 

« n+1 X a 

n y^ 
-f. C (C being the correction if necessary) = — - x — 

X y + C = — - X xy + C; now when A =0^ ^= 0, ••* 

€ = ; hence, A = X xu. 

n+l 
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If n = 2, it becomes the common parabola, and die 

2 
area = — *y. 

If n=l^, the figure becomes a triangle, and the 
area = \xy. 

Ex. 2. To find the area of a circle, whose radius is 
witty. 

Let A be the centre of the circle ; draw BC, AP, 

P 




<|i. 



R 

perpendicular to QR^ and join AC. Put AC=1 , AB 

=A?, BC=z/ ; then a:*4-i/*=1, ••. y = 1 — r^f* |'==1 

■ V . ? 

-— -8cc. (Art. 34.); ••• A=vi?=a? — 

8 16 1£8 ^ ^ ^ 2 

= — &c. the fluxion of the area BAPC 

8 16 128 

whose fluent is A=^ — — • — — &c. + 

6 40 112 1152 ^ 



C ; now when ;v=0, A=0, ••• C=0 ; hence, A= 



;;>^— 



— -1- &c. Now if the arc PC= 

6 40 112 1152 

30^ ;v=| ; and the area ABCP = 0,5— 0,0208333— 

0,0007812 — 0,0000698 —0,0000085 — 0,0000012— 

&c.=0,4785055. But as x=i\^y = j^; therefore 

the area of thii trianglt ACB = | x V i = 0,2165063^ 

which subtij^ctctf from 0,4/83055 leaves 0,261 799ii 

the area of the scSor ACP ; which multiplied by 12 

gives 3^,14159 he. = the area of the whole circle. 

• If nasi, ax^ay, andx : y v.Xt a, that is, in a constant ratio^ 
which is the case when AC is a straight line, because the trian^ 
gie ABC continues always similar to itself. 
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Con If r = radius of any circle, a = its area ; then, 

since circles vary as the squares of their radii, l** : r* 

:: 3,14159 &c. : a = 3,14159 &c. X r<. If ^=thedia* 

d d* 

meter, then r = — , and r* = — ; hence, a = 3,14159 

&€• X — = 0,78539 &c. X d*. 
4 

Ex. 3. To find the area of on hyperbola between the 
asymptotes AP, AM, and the curve MP. 

Put AB=;r, BC=n/ ; then y= — , and the fluxion 
lithe area APCB=ya?=-; =: sr^is = A, whose fluent 




is A = 



;c* 



1— n 



+ C. 



Case 1. If 71 be kss than unity, whe» A = 0, at = 0^ 
; hence, C = ; therifore this area APCB 



.1— n 



1—71 



a? 



1** 



(infinite in extent) = ■ ■ , a finite quantity when x 

is finite. ^ . 

Case 2. If ti be greater than unity, the index 1 — ^n 
being negative, a^ must come into the denominator^ 
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1 

and the fluent will become A = . j- C = ^-* 

1 — n X o(^^ 
\ 

4- C; now when A=0, flc=9, consequently 



n — 1 X ^^* 

C==: is infinite^ because the denominator 

becomes=0 ; therefore the area.APCB= 



1 — n X od^^ 

+ C is infinite. Whenever there is a negative index, 
the quantity must alwayft be transferred from the nu- 
merator to the denominator, or the contrary, before its 
value i»#iy particular case can be found. 

Case 3, In respect to the area BCM , as this area 
decreases by the same quantity that ABCP increases, 
it will have the same fluxion, only with a contrary sign, 
by Art. 16. hence, the fluent will be the same with 

the sign changed, that is BCM = -— + C. If n be 
jP-refl^^r than unity, BCM==-= lC; and when 

X is infinite, BCM=0; hence, 0= ^ y C, and 

n — 1 . 0^-^ 

therefore C = — ==: =0,;^ beine infinite ; con- 



sequently BCM = 



n — 1. o(^' 
1 



n — 1 ..:v»-i 
Case 4. If n be less than unity, and ^ become infi- 



x^-^ 



nite, C = — -— an infinite quantity ; hence, the area 



4— n 



BCM =^ + C is infimte. • 
n — 1 ' 

Case 5. If n = 1, this fluent fails (Article 38.) 
and the hyperbola becomes the common hypet-» 
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bola. Let AB=BC=I, BR=;c, RS=t/, then AR 
=»1 + ;v, and V = , therefore the flimon of the 



X 



area BCSR = , whose fluent, by Art. 45. is the 



h. 1. 1 -|- x^ which wants no correction, because when 
;v = O, the area BCKS = 0, and thft fluent becomes the 
h. 1. 1, which = 0. Hence it appears, that any area 
BCSR is the h. L of the jftbscissa AR, and that the 
whole area BCM is infinite* The modulus is here 
unity. 

£x. 4. Let MCD be the logarithmic curtly to find 
its area* 

The property of the logarithmic curve is this, that if 
the abscissa AB increase in arithmetical progression, 
fhe ordinate BD will mcrease in geometrical progres- 




sion; ••• if Af=AB, y=BD, aa>AC, then (Art. 44.) 
M=2--^ which (by Article 23.) is the subtangent 

AT; hence, A=ya?=Mj/, whose fluent isA=My+C; 
but when i/ = a, A = 0, ••• = Ma + C, and C = •— 
Mfl ; consequently ABDC = My — Ma = AT x 

BD — AC. Hence, the whole area DMB = AT x 
BD, because at an infinite distance AC = 0. 

£x* 5. To find the area of the catenary curve ACB, 
Put CE=:;c, EF=t/, CF=2 ; then z^.=2ax + x^ 

(Prop. 118.), and zz^ad c + x x ; hence, 2*»*=a + :c 

XA*; but 2*=2a;v + :^^a+x -*- a% and a?*=^»* — ^^ 



1^ tya 
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(Prop. 24 «); h ence ci+af*xi^--^^^«ia-f^Xa^— J^, 

or€i*«* = a + ^*Xy*, andflri = a + Arx j? = fl:j/ + a^i<; 
hence, A:£;=a«—aj/; but/ti*. a^=:^i/+yi?. therefore 
xp=fiux. ocy — ^ya?j hence,^t/;v>. xy''-^x:=za»''-^ifj and 
K^yx^fiux. xy-^^i+aif ; therefore Az=xy—az+aif 
+C; but when a'=0, then ysrO, 2=0, and AssO; therc- 




fo re C =a O ; hence, A s=xy — az +ayssa + xXy — a 
V2ax + x^y the area CEF. 

Ex. 6» To find the area of the cycloid ABC. 

Let BD be the axis, on which describe the circle 
BnDzt;, draw rnyz J[ BD, and yv a tangent at y ; 
and draw yt^ v^ _L FB, and vmq parallel to i/r, and 
mn to qr^ and join Bn. Now, by the property of the 
cycloid, the triangles Brn, yzv are similar; hence, 
Br, or ty^ i rni: zv, or ry, : zy, .*. rnx rq^=^tyy. zy^ 
or CD nrqm=:CZ}styZj that is (Art. 49.) the fluxion 
of the circular area Bnr =the fluxion of the area Bty; 
and as these areas begin together at B, and their 
^otemporary fluxions are always equal, the quantities 




generated are equal ; hence, the area Bty s= the cir- 
cular area Bnr ; bring therefore yr down to AD, and 
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we have the whole area BFA = the semicircle BnD*; 
hence, . BFA + BEC = the whole circle' BnDw. 
Now the parallelogram AF.EC = AC x BD = (from 
the nature of the cycloid) circum. BnDTi;B x BD = 
(by Art. 51. Ex. 3.) four times the .area of the whole 
circle ; hence, ABC = three times the whole circle* 



^»v»%vvwv%»»<<»%>» 



To FDTD T9R AREAS OF SPIRALS; 



Prop. XXL 



r 



To find the area SWC of a spiral. 

50. Let SWC K be a spiral, generated by the uniform 
angular motion of SC about S ; SC any ordinate; ; with 
the centre S describe the circular arc XC2 ; draw 
any other ordinate Sv, and with the centre S describe 
the circular arc vw meeting SC produced in w* Now 




conceive the sector SXC to have been generated by the 
uniform angular motion of its radius about S, at the 
same time tfiat the area SWC of the spiral was generat- 
ed by the same uniform angular motion of SC about S. 
Then SX being constant whilst SC varies, the in- 
crement of the sector SXC is the sector SCn, and the 
cotemporary increment of the area SWC of the spiral 

L 
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is SCv ; hence, the ratio of the increment SCn of the 
sector SXC to the cotemporary increment SCv of the . 
area SWC, is always nearer to a ratio of equality than 
SCn : Stt/v, or nearer than SC* : St»'* ; now let Sv 
move up to and coincide with SC, in order to obtain 
the limiting ratio of the increments, and we get the 
limiting ratio of SC* : St;*, a ratio of equality ; hence, 
a fortiori, the limiting ratio of the increment SCn to 
the increment SCv, is a ratio of equality ; therefore 
by Prop. 2. the fiuxion of the area of the sector 
SXC is equal to the fluxion of the area SWC of the 
spiral ; but SCn being the increment of the sector 
SXC uniformly generated, will represent its fluxion, 
by Prop. 1. hence, the fluxion of the area SWC of the 
spiral will be represented by SCn. 

51. Put SC = y, the length of the curve SWC = Zy 
XC = ^, Cn = ar, A = the area SWC j then the sector ' 

SCn=^= A, whose fluent is the areaSWC. X.et*CY 
2 

be a tangent at C, and SY perpendicular to CYf 

draw CE _L SC, and *E parallel to SC ; and with the 

centre S, and any radius S A, describe a circular arc AL.^ 

Put SA=sa, Ao=w, 02= ti;, C Y= f, SY= r. Then 

by Art. 31. Cs=^x>y sE=Bzy^ CE=ar ; and as the tri- 




angles CE j, CS Y are similar, t:r::y : a?= -^; hence,. 

* That similar sectors are as the squares of their radii, ap- 
pears from Euclid, B. XII. p. 2. and B. VI. p. 33- 
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SCn = -^ = A. Also, by similar sectors Soz. SCn, 

axywwxx'sz ^; th&efore SCw=r^ = A, These 

a 2a 

different expressions of the fluxion of the area, are to 

be used as may be convenient. 

\ 

EXAMPLES. 

Ex. 1. Let SWC be the logarithmic spiral; to find 
its area* { 

Herer : ^ in a constant ratio, as m : n: hence. As -^ 

= -^, IV hose fluent is A = — ^ + C : but when v=0» 
2n . 4/1 ^ 

A = O, ••• C = ; consequently A = — ^ . 

Ex. 2. Let SWC be the spiral of Archimdtes ; to 
find its area. 

Here yiwiimin^orinsi constant ratio ; ••• w=^j 
• m 

consequently A = ^ — = -2-^ whose fluent is A=— ^ 
^ -^ 2a ^ 2ma 6ma 

+C ; but when ^=0, A=rO, .% C=0 j hence, A= ^^. 
^ ' ^ ' ' ' 6ma 

Ex. 3. Let the spiral be a circle ; to find its area. 
Here y is constant, and the fluent of A = ^ is A 

s= ^ the area of the sector whose arc is x \ hence, if 
2 

X z= the circumference c*the area of the circle = — . 

2 

Ex.4f. Let AC be the involute of the circle AD, 



76 
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detcribedby the extremity C of a string mmtiJuBng- it- 
telffmm the circle i to find tts area. 

It is manifest that DC must be perpendicular to 
tiie curve, or to its tangent CY, and as SD is also J, 
to CD, and SY to CY, SDCY is a paraUclogram, and 



SD = CY = t; hence, SY 




■^^^';.:A = ^ 



xyy 



whose-fluent, by Art. 39. b A = 



"e ll " *' ^ ' **"* *^^" ^ ^^^5 becomes ( <SA), 
then A, or SAC, is=0, and y*—t*=0 ; hence, C=0 i ' 

...sAc=saL^2. 

61 6SD 
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Prop.XXII. 

To find the content of a solid generated by the rota- 
tion of a curve about its axis, or by the motion of a 
plane parallel to itself. 

52. Let the solid ACD be conceived to be gene- 
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rated by the uniform motitm of the circle CD, begin- 
Diii^ at A anil increasing in magnitude, having its 
plane always perpendicular to AB, and its ctntre in 
that line. Circumscribe this solid by the cylinder 
MLCD, conceived also to be generated at the same 
time by the same uniform motion of a circle. Then 
AL being constant whilst BC varies, let the circle CD 
move on to mp, and the solid Cm/>D generated, will be 
the increment of ACD ; suppose also the circle CD to 
mov e on to cd in the same time without increasing, and 
it will generate CTidc the cotemporary increment of 
the cylinder ; produce CD to n and q, meeting mn and 
pq drawn parallel to &b. Then the ratio of the incre- 




ment CTidc of the cylinder to the cotemporary incre- 
ment CD^m of the solid ACD, is alt^ays nearer to a ra- 
tio of equality, than the cylinder CDrfc: the cylinder 
mnqp, or nearer than BC : hm'. Now let the circle mp 
move up to and coincide with CD, in order to obtain 
the limiting ratio of the increments, and we get the 
limiting ratio 6f BC* : bm^y a ratio of equalitj-; hence, a 
fortiori, the /tmiftn^ ratio of the increment ClVc of 
the cylinder, to the cotemporary increment CT>/>m of 
the solid ACD, is a ratio of equality ; therefore by 
Prop. 2. the fluxion of the cylinder MLCD' is equal 
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to the fluxion of the solid ACD ; but CDdc being 
the increment of the cylinder uniformly generated^ 
will represent its fluxion, by Prop. 1. ; hence, the 
fluxion of the solid ACD will be represented by CD^c, 
the cotemporary fluxion of AB being B^. Put there- 
fore X = AB, y = BC, a? = B*, S = the solid ACD, 
/=3,14159 &c. then (Art. 49. Ex. 2. Cor.) />j/*=the 
area of the circle CBD ; hence, the cylinder CDdbas 

f^xssS'f therefore S=sthe fluent of />y*i?, corrected 
if necessary. 

The same reasoning will manifestly hold, if the 
generating plane be any other figure, and continue 
always parallel to itself. The fluxion therefore of a 
solid thus generated, will be always expressed by the 
area of the generating plane and its velocity conjoindy. 

EXAMPLES. 

Ex. 1. Let ACD be a solid generated by the revolu- 
tion of any parabola about its axis. 

Here ax=y^ ; hence, i?=-^^ — ^, ••• S = /^*i? =» 

'iPyi+ly, whose fluent isS=^^C^+C=-!L xfiy ' 
« n+2 X a ^+2 

>x ^ + C = -^ X py^x + C ; but when ;c=0, S=0, 
^ a n+2 ^^ 

n 

.*, C=0 : hence, S = \-Py^^* 

n+2 ^^ 

If n?=2, the solid becomes the common paraboloid, 
and its conterit==| py^x^\ cylinder LCDM. 

If n=l, the curve becomes a straight line, and the 
solid a cone, and its content = \py^x «= \ cylinder 
LCDM. 

Ex. 2. Let APEQ he a soli J generated by the revo- 
lution of an ellipse APEQ about its axis AE. 

Put AB=:c, BC=j/, AO=a, PO«=* ; then by the 
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4« 



property of the ellipse, a* : i* : : 2ax — o^ : y* «■ — x 




^ax — «^; hence, S=?/»y*i?sB^~.x2a;ci? — «*i?, whose 



fluent is S 



= ^-r- V CAT* — 



a^ 



Xa^ — i-^ + C; but when ;c as 0, 



S=0, .% C=0; hence, S=^xav*— 4^\ which is the 

cr ^ 

solid content of ACD ; and to get the whole solid, 

we must make AB equal to A£, or make x ss 2a ; 

hence, the whole solid = ^ x 4a^ — \o? = ^^j—* 

If the eUipse revolve about PQ instead of AE, then, 
as the same property of the curve holds for each 

axis, the solid will be — — ; hence, the solid gene- 

o 

rated about AE : solid about PQ : : -^ — : -^-— : : h 

3 3 

: a : : PQ : AE. 

If ^ =8 a, the eUipse APEQ becomes a circle, and 

the solid a sphere^ and the content becomes = ^^— 

= 4,18879^. ' Now the content of a cylinder circum- 
scribing the sphere = the area of its end multiplied by 
its length = (as the radius of the end = ^, and length 
sx 2b) pb^ X 24 as 2pb^ ; hence, the sphere : cylinder 
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Ex. 3. To find the content of the solid generated by 
the revolution of the cissoid of Diodes about its axis* 

(Alg. 



a — X 



The equation of this cun^e is i/* = 
Art. 426.); hence S =^py^x =^L-^ a= -^ — L = (by 



a — X 



division) — px^x — pa:^db—pc^x+<~ ; now the fluent 



a — X 



of all the terms, except the last, is found by Art. 37. 
and the tiuent of the last, by Art. 45.; hence, the fluent 

is S= — ^px^ — Ipax^ — pa^x+pc^x- — h. 1. a — ^;t'+C ; 
now when :c=0, S=0, .\pcfix — h. La + C= O^ and 
C=pc^xh. 1. a ; hence, S= — ^px^ — ^pax^'-^pc^x + 

pc^ X -•- h. 1. a — X +pa^X h. 1. 0= — ^px^ — ^pax^ — • 
pa^x-i-pa^X^^ !• -:; ; because h. 1. a — h.l.a — x=sh. L 



a — X 



a 



, by the nature of logarithms, as explained in the 

Alg^ra, Art. 388. 

Ex. 4i To find the content of the solid generated by 
the logarithmic curve ABDC revolving qbout AB. 

Here ydb=zMi)^ by Art.49. Ex.4. .\^=:py^dc=:Mpyif^ 
whose fluent is S= — ^ + C ; but when t/=a, 8=0, 




M T 



... .= ^VC, and C= -^; hence, S=^ 



^'~« 



2 
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If AC=a«0, then S=— ^«thc whole solid cor- 

2 

xesponding to the abscissa BM« 

Ex. 5. Let the catenary curve revolve about its axis; 
to find the content of the solid generated. 

By Prop. 118, 2*s*2flrjif + ;v*, and therefore zi^ax 
^^\ and by the same Prop. zy=^ax* Now S^py^dc^ 
assume therefore S^py^x+w^ and we have S=s^y»i?+ 

2pxyy+w, and as Ss5=/>y*a?, we have ii;= — 2pxyy^o 

{ax\ ^ XX , . . .N ^ 

as i^=a — J — 2payX — =« yjas xxsbzz — ax)*^2pay 

adb " ^ 

=a — 2payX^ — y'^^payi) — 2pay% ; assume 

xo.= pay^ — 2payz + v^ then w = 2payij — 2payz — 
Zpazy -f. i ; and as ti; = 2paytf — ^payz^ we have v =s 
2pazy = 2pc^de^ therefore v = 2p(^x ; hence, S = 
py^x + pay* — 2payz + 2pa^x + C ; but when ;v sb O, 
then y«=0, z=0, and S=0, therefore C=0; conse- 
quendy S = py^x + pat^ — 2payz + Upc^x. 

Ex. 6. Let the conchoid DM of Nicomedes revolve 
about the axis DA ; to find the content of the solid ge^ 
neratedby DMF* 

By the Algebra, Art. 497. if CA« g , AD = EM 

=:i,AP«;c,PM=y,then;««=2±^JS*!z:^. also, 

y 




psfi s the area of the circle generated by FM, smd as 

M 
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FD»£— >!/, FD-B — y ; hence Sa ~-/x*i/a — ptfH 
ii^ X4«— y*-^ X a + y'%i^pt?bhf*q-.p}^ij^ 

^2^, therefore S- 1. xS^:;' ^P^^plfly^palfl 
X h. 1. y+C ; now when 1/=*, Sa=0, and the equation 
becomes 0= ^X a + ^ +/'a'^ — i&A^ — 2/aA» X h. L 

*+C,' therefore €*= — 4^^* ~pcflb+ph^ + 2pab\ 

Xh.1.4; hencc^S=«^x5+y'— ^X^*+^^— 

pa^b^i^+pb>^+2pab^xh. h — the solid generated by 

DMF. 

The solid generated by the whole curve is infinite, 
as appears by making y = 0. 

Ex* 7. Let LAO be a solid called a Groin, gene" 
rated by a variable sqiuzre vwxz moving parallel to it- 
self; and let the section FAG through the middlexof 
the opposite sides be a semicircle. 

Put flf=AE, ;>g=AB, t/= BC ; then, by the pro- 
perty of the circle, z/=\/2a;c — o(^^ therefore the side 
of the square vwocz = 2\/2a.x' — x^ ; hence, the area 

A_ 




vwxz a« 4 x 2ax — x^^ which being the generating 
plane, it answers to py^ in the other cases, and there- 
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fore §=s4 X 2axx — x^dc^ whose fluent is Ssa4ax^— 
$ oc^+C ; but wheR x^O^ S«bO, .% C»=0 ; hence, S— 
4ax* — ^oc^y the solid Aow^vz ; and if we make xso, 



S=B _ ^ the whole solid ALN. 

If the section FAG be any other figure ; or if the 
two sections through the two opposite sides be of dif- 
ferent figures, the content may be found in like man- 
ner. But the solid content of bodies may also be 
&und by the following proppsidon* 

Prop. XXIII. 

Let DMEK be any curve revolving about an axis 
xy ; then the solid generated is equal to the drcumfer' 
ence described by the centre bf gravity multiplied into 
the area of the figure. 

53. Let O be die centre of gravity ; draw MOK A 
perpendicular to xy, and BPC, DOE, parallel to xy^ 
Put AP=;e, BC=»y, AO»a, />=:3,14159 &c. Now 
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(Art. 58.) 



flu. yxdc 



a««*. 



flu. y^i? = flu. yJb X a 



flu. ^07 

area DKEM X a. But the surface generated by BC 
^2pyx, and therefore the fluxion of the ^oXiA^^pyxx; 
and the solid=s2/& X flu. yxx^2pa x area DMEKss 
the circumference described by the centre of gravity X 
area of the figure* 
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Ex. 1. Let DMEK t>e a circle, then the solid will 
represent the ring of an anchor ; now in this case, i£ 
r=OM fJie radius, the area DMEKs:^ ; hence, die 
8olid=2/^ar*. 

Ex. 2. Let MDK be the given area, and let it be the 
common parabola, then if G be the centre of gravity it 
lies in the axis DO, and therefore a=its distance from 
xy ; also the area = |DO X MK ; hence, the solid s 
2pa X |DO X MK = ^pa X DO x MK. 

Ex. 3. Let MD, DK be straight lines, or MDK a 
triangle; then the area=s|DO X MK; hence, the 
»olid=/»ax DOxMK. 
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Prop. XXIV. 

To find the length of a curve line AC, whose, orfi" 
note BC is perpendicular to the abscissa AB. 

54. Put AB=;c, BC=j/, AC=2 ; then if C* be a 
tani^ent to the curve, CE _L BC, and *E J. CE, we 
have, by Art. 27. CE=i?, *E = y, Csz=zii; and by 




Euclid, B. I. p. 47. %^ = ar« + f,.:i,:=\/ i?«+«/^ 
z^d z = the fluent of \/d:*+y^ ; corrected if necessar}> 



EXAMPLES. 



Ex. 1. Let AC be a semi-cubical parabola, whose, 
equation is 3x^::xy^; to find its length. • . - 



.f.. 
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Asa 



4a 



4a 



2a 



J 



Is 
f 

wnose nuenx, oy Aru ay. is z = r h C ; now 

27a* 
when y= 0, 2=0, in which case, this equation be- 

comes 0= _ + C, .*. C= ; hence, z = -: — r-S- 

Sa 

27* 

£x. 2. X^^ By A fc a cycloid ; tojindiu lengths 

Put BDssa, Br=;^, Bi/=sz, yt> = «;, t;2=ry=i?; 
Aen by the prop, of the circle, Br : B» : : Bn : BD, ••• 

h=BD X Br=flr;v, and Bnz^x^ ; and by the prop. 

F s^ B JE 




A D 

of the cycloid, x (Br) : a^x^ (Bn) : : x {vz) : % (vy)=i 

d^x^x 1 —4 . , 4 4^. , 

— =:a»;e X ; hence, z=2a^Ar'+ C ; but when x 



X 



eO, z=0, .% C=:0 ; consequently 2=2a';e*=2Bn. 

Ex. 3. JL^^ AC be the common parabola ; to find its 
length* 

Here ax=y«, .•• x^ ?^= (if f =4)^ ; hence, i^= 



=: (hjr muU 



•'*»- * 
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tiplying numerator and denominator by y x y*+A*|*) 
"'"Sa^ n '=Cby divi<Ung the num. and den. of 

^ y+*vr 

the last term by y)^XpM3vl X VP+^+J* 
X ^ ; ; now the fluent of the first term is --. x 

i 

2/*+^y» 1 , by Art. 40. and the fluent of the last term 



is ^b X h. 1. y+y*+b^\ > by Art. 45. Ex. 4. hence, 2= 
^X y*+^?l +i* X h. 1. y+yH^l +C ; now when 

y = 0, z = 0, in which case, the equation is = ^& 
X h« I. & + C ; hence, C = -^ ^^. h. Lb; therefore 

rfii X Fwf+i* X h. 1. Ji±^Z]i 

2b b 

Ex. 4. Tb find the length CD (j/* any part of the 
logarithmic curve. (See Fig. pag. 80.) 

Put AC=a, AB=:v, BD=5r, CD=2 ; then ^ 
^x (Art. 49. Ex. 4.), .-. x^\/3(^+f =:^?iy + j^* 
=ss ^ JIi2- SB (by multiplying the numerator and 



denominator by VM^+y^) 



y X M2+^2 y^ 



2/ V M2 + 1/2 V M« + y* v^ 1 + M»jr« * 
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hence (by Prop. 16. and Prop> 18 . Ex. 8.), 2 = 
VM» + y^ — Mxh.L ^+^'+y' + C; butwhen 
z^ 0, y= b^ and we have 0= VM* + b^ — M x h. 1. 
^5±!^!1±£ + C; hence, .C= — VM^+^+M 



Xh.l.^l±J^l±?; therefore 2 =:VM« + v*— 
\^5P+nP + Mxh. 1. M+^^l±*f — Mxh. 1. 

My + ys/MF+P 
MA + AVM2 + t/»* 
Ex. S. To find the length of a circular arc. 

By Art. 46. % s= = (by division) ^— * — |- 

-+&c. hence, 2 = ^ — -— -| --•- — v^hi^ 

+C; butwhen/=0, 2=0, therefore C= ; hence, 

2 = ^— -— - +--r— --^ + &c. Now if a=l, and ' *' 
Za^ 5a^ 7a^ 

2 be an arc of 30% then / = V| =0,5773502, which 
being substituted for f, if we take 12 terms of this 
series, we get 2 = 0,5235987, the length of an arc of 
30" ; which multiplied by 12 gives 6,2831804 for 
the length of the circumference of a circle whose radius 
is unity. 

If we take the arc 2 = 45^, then will f = a ; hence, 

2 = axl— i+j~^+&c. 
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To riHD THE LENGTHS ot 5PIRA1.S. 

^Rop. XXV. 

To^ the Ungth of a tpinl SC. 

55. Let the ordinate SC = y, the curve SC a x^ 
CTm w i then, by Ait. ;tl. C«>b %, £<e e/ ; and by 




sim. triangles, w : y : : i/ : itm iZ, and ZMthe fluent of 
w 

~, corrected if aeceasaiy. 

TO 

EXAKPI.E8. 

£,v. 1. Lei SC be the logarithmic spiral; to find 
iM length. 

Here w:y::ffl : n, a constant ratio; heoce,u>=— £,.-.a 

•^, and z—^+C ; but when j/-0,z=0,.*.C—0; 
m m 

consequently z— ^ -» ^; therefore CY : CS ! : CS : 

m w 
the length of the curve. 

Ex. 2. irt it he the spiral of Archimedes i to find 
its length. 



"v'y'-M*' 
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which is the same as the fluxion of the length of the 
parabolic arc, Art. 54. Ex* 3. •*• zb — x^^-f t^ |^-|-J^ 

X h. L ^±^il±I*. 

t 

Ex. 3. Let AC be the involilte of a circle ; to find 
its length. 

Here w is constant, by Art. 51. Ex. 4. hence, z = 

^ — l-C; but when z=0, v=*w, .•• 0= f-C, and Cms 



W2 

2io 



i hence, z 



2w 



w^ 



2SA' 
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To FIND THE SURFACES OF SOLIDS. 

Prop. XXVI. 

To find the surface of a solid generated by the rota* 
tton of a curve about its axis j or by the motion of a 
plane parallel to itself 

56. Conceiving the solid AFH to be generated as 
in Art. 52. by the circle CD, the surface may be con- 
sidered as generated by the periphery of that circle ; 
the fluxion, therefore, of the surface will be the peri- 
phery of the circle multiplied by the velocity with 




%. * 



N 
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which it flows, by Cor. ArU 49. But the velocity widi 
which any point C of the periphery flows, is the velo- 
city with which AC increases at tfie point C, or it is 
», putting AC=2. Hence, if we put AB=^, BC=y, 
p = 6,28318, &c. the circumference of a circle whose 
radius s=l (Art. 54. Ex.5.), S=the surface ACD; then 
1 ly •• p '" pyy the circumference of the circle CD ; 

therefore S=^pyz>^ the fluxion of the surface ; conse- 
quently the fluent of pyz^ corrected if necessary, will 
be the surface. 

The method of finding the fluxion of the surface of 
a solid may be further illustrated thus. 

Let ACF be protended into a straight line, and let 
an ordinate perpendicular to it, and always equal to 
the periphery of the circle CD, move from A to F with 
the same velocity as the point C,upon the solid, moves; 
then it is manifest, that the area generated by this or- 
dinate must always be equal to the area generated by 
the periphery of the circle, the generating lines and 
their velocities being always equal, and both moving 
in directions perpendicular to themselves ; hence, the 
fluxion of the surface ACD==the fluxion of the area of 
this curve = (by Art. 49.) the ordinate multiplied by 
the fluxion of the abscissa=the periphery of the circle 
CD multiplied by the fluxion of the curve AC. 

EXAMPLES. 

Ex. 1. Let ADFC be a sphere whose centre is O; 
to find its surface. 
Let Cs be a tangent at C, sEm parallel to BC, and 

A 
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CE to Bm ; then if AB=:v, BC=z/, AC=2,by Art. 
23. C«=i, C£=i;; and by similar triai^gles CE«, 

CBO, i; : or : : a : ^, •*• yx,^ax ; hence, S^pyia=ipaXj 
the fluxion of the surface DAC, whose fluent S=ipax 
+C ; but when ;c = 0, S= 0, .*. C=0 ; hence, S =pax 
the surface DAC. If we make AB equal to A£, or 
X = 2a, we have 2pc^ for the whole surface of the 
sphere. Now if we conceive ADFC to be a great 
circle of the sphere, its area = ^ pc^y by Art. 49. 
Ex. 2. Cor. Hence, the whole surface of a sphere is 
equal to four times the area of a great circle of that 
sphere. 

Cor. As the surface D AC =spaXy it varies as x. 

Ex. 2. Let the solid AFH be generated by the com" 
tnon parabola ; to find its surface. 

Here ax^=y^ ; hence, x = -^, and a?* = ■ ^ • - : .*. 
^ a a* 

(Prop. 24.) i,2=ij2^^2^1^^ j^2_t^ + 1 ^ g2^ 

■ ^ . J^ XySand %= ^ ' ^; hence, S=/>y»= 

a '' 

p x4y^+flM^ ^c now when y=0,S = 0, in which 
12a :7 1 ' 

case, the equation becomes 0=^ — f- C ; hence, C=a= — ^ 

£f? ; therefore S = ^ii^a!-^. 
12 12a 12 

jB;c. 3. Let ALN be a groin, as in Art. 52. -E;c. 7. 
^0 ^72^ tf* surface. 

Put AB=;»^, BC = J/, AC=2 j and we have (Art. 46») 
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ax 



* = T-~~=; also, vw = 2BC = 2 s/2aoc—o^i 

\^2ax — jc* 
now vw is the line generating one of the four surfaces; 

hence, 8 x^ilax — ;c* answers to py in the other cases ; 

therefore if S be the surface A.vx^ S =r 8ai?, and S = 
^x+C ; but when ar=0, S=Of •• C=0; consequently S 
s8a;ir ; and when oc=a^ SssSo*. 

Ex. 4. To find the surface generated by the revolu' 
tion of the cycloidal curve B A about its base DA. 

Put By=2, Br=;f, rD=j/C=i/, BD=a; then, by 

Art. 54. Ex. 2. i;=a*;f""*^; .-. Szzpyz=^pya^x^Xs: 




p X a— jc X a^x *a?=/»a»A?""^a?—/w[^;c^i?; hence, Safe 
2pa^x^ — taix^ + C ; but when x=Oj 8=0, .•. C=0 ; 

3 1 1 A 

hence, Sz=:2pa^x^ — ^pa^x^^ the surface generated by 
By ; and when x=a^ we have 8= -i-—, the whole sur- 

face generated by B A. 

£x. 5. To find the surface of the solid generated by 
any t)art CD of the logarithmic curve revolving about 
its axis^AB* 

By Prop. 24. Ex. 4. i = ^V^'+^' ^ therefore h 

= pyx> = py VM^ + 2/*, which fluxion is the same as 
that for the value of » in Prop. 24. Ex. S. (the 
constant multiplier and divisor excepted) ; therefore 

• . 'H.ira ^ 



S « J X Vy^+M V + 



pM^ 



X h. I. 2/ +\/M«+ya 
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+ C ; but when y » a, S = 0; hence, = ^ x 
\/a^+M^a^ +^^ X h, 1. a + VM» + a» + C, and 
C= — 4 X Va*+M*a» — ^ X h. 1. a+VM«+^ 
therefore S = ^ X Vj?+My — A x Va^+M*a* 

-E;c. 6. To find the surface of the solid generated by 
the catenary curve revolving about its axis* 

By Prop. 118. we have 2* = 2ax + 0^ ; hence^ ^ 
c^ + 2ax + x^==a^+ z^j and a + x=: Va^ + z*; 



z% 



therefore x = — , and u = Va* — a?* = 

Now S = py% ; assume S = pyz — w. 



V a2 4. 22 

then S=py%+p2i^ — Wj and as 8= py%^ we have titts 

/i2i/ as — ^ , whose fluent is w =/»a V a* + 2* 

V fli* + 2* 

(Prop. 16.) ; hence, S=j&t/2 — /^a Va* + 2^ +C=pyz — 
pc^ — pax + C, but when ;c=0, i/=0, and S = 0, there- 
fore C — ./ia*=0, and C=/?a* ; hence, S=/»z/2 — /^a;c the 
surface generated by the curve CF revolving about the 
axis C£» 



SECTION V. 



On the centre or GRAVITY. 
f7. Xf there be any number of bodies A, B, C, 



and G be their centre of gravity; and to any plane xtf,pt:i- 
pendiculars AP, BQ, CR, GL be let fall, then (Mecha- 
«;., Arf .^r^^ T r-_ AxAP+BxBQ+CxCR 
m«, Art. 1730 LG S:^^^ 

Prop. XXVII- 

To find the centre of gravity of a body, considered <a 
an area, solid, surface of a solid, or curve line. 

58. Let ALV be any curve, RL the axis, in which 
the centre of gravity must lie ; for as it bisects every 
ordinate TF m N, the parts on each side LR wiU 
always balance each other, and therefore the body 
will balance itself upon LK ; consequently the centre 
of gravity must be somewhere in that line. Put 
LN = a:', TN=y, TL = a, and draw a^ parallel to 
TF ; then if we conceive this body to be made up 
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of an indefinite number of corpuscles, and multiply 

1j 




each corpuscle by its distance from ocy^ the sum of all 
the products divided by the sum of all the corpuscles, 
or by the whole body, will give LG by Art. 57. Now 
to get the sum of all these products, we must first get 
the fluxion of the sum, and the fluent will be the sum 
itself. Put s for the fluxion of the bodv at the dis- 
tance x from xy^ then will xs be the fluxion of the 
sum of all the products ; also, s is the fluxion of the 
sum of all the corpuscles ; therefore by Art. 57. LG= 
flu. xs 

flu. i* 

1**. If the body be an area^ then i=2t/i? by Art. 49 ; 
, T r _ fl^' ^yxx __ flu, yxx 

' ~" flu. 2t/a? ~ flu." yx * 
2™*. If the body be a salid^ then py^x^s by Art. 52 ; 
, - ^ _^"« Py^xx __ flu. u^xx 

^^^^' ^u.py^x " flu. y^x ' 

3^^* If the body be the surface of a soltd^ then s^pyii 

by Art. 56 ; hence, LG=^^ = ^iJ!^. 

flu. py% flu. y% 

4'**. If the body be a curve line FT,then «2i;; hence, 
|. p^fli^i* ^xx> __ flu. xii ^ flu. XX) 
" flu. 2% ~" flu. % " z * 

EXAMPLES. 

Ex^l. Zet y^ax^ be the equation to any parabola ; 
to find its centre of gravity. 

ax^'¥^ 
As y=flfA^", ,;• yxxzzax^+^x, whose fluent is —i 



■^ jt 
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ax"* + * 
abo, yx^axf^JCy whose fluent is ; hence, (Art. 

580 LG= X — r-7-r = — tt: ^ ^* 

If n=i, then y='ax^^ .•. y^zsa^:^^ which is the com- 
mon parabola ; hence, LG=^^x. 

If n = 1, then z/ = ox", and the figure is a triangle ; 
hence, LG =7^« 

£^. 2. L^^ y^a^ ; to find the centre of gravity of 
the solid generated by the revolution of this curve about 
its axis. 

As t/*=aV2% .% j^^vi^ssfl^^^^+ii?, whose fluent is 

: also, v2i?=cf*;c2»i?, whose fluent is — ^^^ ; 

2/1+2 ' '^ ' 2n+l * 

' fl2;f2« + 2 2W-f-l 

hence, by Article 58. LG = —^ — x 



2«+2 a^A^^+i 
2;i+l 

If n ss ^, the solid becomes a paraboloid, and LG 



— *rAr. 



If 7Z=1, the solid becomes a cone, and LG=|;c. 

Ex, 3. Ze^ ALV be a hemispheroid ; to find its cen* 
tre ofgrccotty. 

Put LR=flr, AR=A ; then a^ : i« : : 2<3k^-^^ : ya=s. 
-2 X 2ax'-^c^ ; hence, y^xx^^ x ^aoc^x — x^y whose 



^ 



fluent is — x iax^ — \x^* also, z/«i?=-- X 2axx — x^x^ 

^2 

whose fluent is — X ax^ — \x^ ; hence, by Art. 58. LG 

\aX^ 1^ , , _ -^ «^2*-r4f/* SQr 

=» ^— T — ~-r- ; and when x^a. LG=2- — ;^« — for 
ax^ — ^^ fl3 — 1^3 3 

the whole solid. As this is independent of by li.b^a^ 
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JUG remains the same, and the soUd becomes a Aemi* 
sphere. 

Ex. 4. Let ARV be a semicircle ; to find its centre 
of gravity* 

put LN=;v,TN=t/, TI^=r; then x^+y^^t^i hence, 

R 




A Ii 

^^+yy ^ ^> •*• J/^^ = "^ i/^i/» whose fluent is -^|y*4- 
C, which must vanish when TF coincides with Av, or 
2/=r ; therefore put r for y» and -r-4r*+C= 0, ••• C =s 
^r^j hence, the correct Quent of yxdb is Jr^ — ^y'j also, 
the fluent of ^ir is (Art. 49.) the area ATNL; hence, 

by Art. 58. LG=|x T^f^'» ^^ ^'^^'^ 2/=Q> I»G= 
. P ■ for the semicircle. 

Ex. 5. To find the centre of gravity of the arc ARV, 
Put LN = x^ NT = J/, RT = 2 ; then (Art. 46.),' 
4? 2 f/ : : r : ;ip, therefore :vii = ry, whose fluent is ry j 

hence, by Art* 58* L(7=— i and lyhen y^r^ LG =? 

5a' 

-E;c. 6. Tafind the centre of gravity of the surface 
ARV of a hemisphere. 

Put X = RN, t/=TN, 2 = RT, and a =TL ; Aeti 
(Art. 46.) we have » : i? : : a : y, therefore y»=3 
oar ; hence, yxxz=axx^ whose fluent is \ao(^ ; also, the 
fluent of y%^ or aoo^ is ax \ hence, by Art. 58* RG s: 

1 — ^x\ and when ;)c^RL=r, then RG=lr for th^ 
ax ■ 

hemisphere. 

O 



»<* 



^ 
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On the centre of GYRATION. 

DEFIJ^FFIOM. 

59* The centre of gjrration is that point of a body 
jpevolving about an axis, into which if tine whole quan- 
tity of matter were collected, the same moving force 
would generate the same angular veloci^ in the body. 

60. Let a body /f revolve about C, and let a force 
act at D to oppose its motion. Then the momentum 
oip varies as /» X its velocity, or as /> X ^C, which we 
may consider as a po^^r acting at p in opposition to 

C 

p. 1 n 

the force at D ; but this power acting at the distance 
pC from the centre of motion, its effect to oppose a 
force at D must (by the property of the leve^ be as 
pXpCxpC ssp X pCK This eflPect of /» to persevere 
m its motion, or, wliich is the same, to prevent any 
change in its motion, is caPed its inertia. 

Prop. XXVIII. 

To find the centre fl/*g3nration of a body* 

61* Let a body be conceived to' be made up of the 
particles A, B, C, &c. whose distances from the axis are 
<2, &, c, &c. and let x be the distance of the centre of 
gyration from the axis, then by Art. 59. the inertia 
biF A, B, C, &c wiU be as Axa^, BxA*, Cxc», &c. 
and t he inertia of all the matter at the distance x will 

be as A+B-f-C-f&c.X^ ; now, as the moving force is 
the same in both cases, the inertia must be the same 
when the same angular velocity is generated ; hence, 

A+B+C+&c. X:g«=: AXQ^ + Bx^ + Cx c* + &c. 
,, c /Axa«+Bx^ + Cxc*+&c. , ^ , 
therefore ^ = ^ a+B+C+&c. ' '^^' ^^> 
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if i be the fluxion of the body at the distance z front 
ihe axis, x = ^- 



■flu. 2*i 



8 



EXAMPLES. 

Ex. 1. Ltt the stndght line CA revoke about C % 
to find O the centre of gyration. 

Put z=C^, then 9=±z^ and 9:Fi^> •'• z^issi^'A) whoae 

C 



tP 



-O 



'a 

fl uent is 42^ = (when 2 = CA)|CA»; henot,c6;=^ 
v^^C A* = C AV^, 

Exi 2; £rf a circle AB revoke in its orvn plane 
about its centre C ; to find O its centre of gyration* 

Put/>=6,28318, &c. the circumference of a circle 
whose radius = 1,2 =i.Cp ; tl^en the circumference 
p^ :=pZy and jftzii = s ; hence, the fluent of 2% or of 




pz^i^ is ^pz^ = (when 2 = C A =s r) 4/&r*. Alsoj die 



.* 



^I4«rr3v. 
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aresk of the circle = ipr* ; hence, CO = V^r* = f 

vT 

Cor. The same must be true for a q^linder reyolv- 
hig aisout its ans, it beug true for every section paral'^ 
leltotheeiuL 

£^^4 3* Let RADB be d sphere f&oohing about the 
uRamefer RD ; to find O its Centre ofgyratlon* 

Draw C A X a nd spr pa rallel to RD ; p\xt Crssr^ Cp 

=s 2, then ^r= Vr* — z* ; and if />=6,28318, &c, the 
surface of the cylinder generated by sr rev olving about 

RD, is /w^x2 Vr»— 2» ; hence^ « = 2pzis/f^—z\ and 
^sis 2j&2^!iVr* — 2*. Now to find this fluent, put 
>» — Z* = J/S then 2* = r^—y\ stod 2* = r*— 2r« y»+y^^ 
^% z3;fc as -i~^r*y g 4- ^i/ ; hence, S/te^iVV*— 2*=2/&x 

'^^ ^y^i/ + !/*f/> whose fluent is 2/>x — p^+J^ and 
when 2 = 0, this fluent ought to vatiish^ but y is then 
is r, and the fluent becomes 2^x — -/^r* ; hence, the 

eorrect flbent is 2p x ^r^ — y'^^'+ij/'; ^nd the whole 
fluent when 2 = r Qn which case 2/ = 0) will be ^pr*^ 
Now the content Ot the sphere = |/>r^ ; hence^ CO =3 
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t)N tHE CENTRE OF PERCUSSION. 



62. The centre of petcOssibn is that point in the 
^s * of a vibrating or revolvihg body, which striking 
against an immov'eable obstacle, the whole motion^ 

♦ The axis is here understood to be a ri^ht liiie drawn through 
th6 centre of CTavity'of the body^ perpendicular to the atis aboilt 
Whieh the body revolres. 



Centre ofPercusmtt. lOi 

estimated' in the /»/s7i^ of the body^s motion, shall he 
destroyed. " 

Prop, XXIX. 
Tojind the centre o/'percussion of a body. 
63. Let ABD be a plane passing through the 
centre of gravity G of the body, and perpendicular to 
the axis of suspension which {)as8es through C; and 
conceive the whole body to be projected upon this plane 
in lines perpendicular to it, or vparallel to the axis ; 
then as each particle is thus kept at the same distance 
from the axis, the efiFect,from the rotatory motion about 
the axis, will ndt be altered, nor will the centre of gra- 
vity be changed. Let O be the centre of percussion, 
and draw finw perpendicular to /iC, and Ow perpen- 
diculat to fiw ; also^v perpendicular to Cn. As the 




velocity of any particle fioc/iC, the liiotnentum of p in 
the direction fnOocfiXfiCy it being as the velocity and 
quantity of matter conjointly ; and by the property of 
the lever, the efficacy of this force to turn the body about 
O is Bs px pCxOw = g (because O fi : On; : : pC : t;C) 

pXvtxOn ^p xvCxCO — Cn:=::pxvCxCO—px 

ii?CxCn«= (as Cn : Cp ::Cp: vC)t>xvCxCO--^p x 
Cp^. Now that the efficacy of all the particles to turn 
the body about may be = 0, we milfet make the 
Hiim of all the qiiaritities pXvCxCO ^-^ sum of all the 
quantities pxCp^= ; hence, CO = 
sum of all th^pxCp^ ^ sum of ail the px Cp^ , 
sum of all the px vC "" body X CG ' 

denominators being equal from the property of thre- 
tentre of gravity (Art. 5^.) 
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Although the body^ by striking^ at O, may have no 
tendency to move in liiepktne of its previoiis motion^ 
and this only is includie^ in the common definition 
which we here follow, yet it may have a tendency to 
revolve about AO« If therefore we were to define the 
centre of percussion, to be that point where the wkok 
motion would be destroyed, we must find the plane 
parallel to ABD, such that the sum of all the forces to 
turn the body about the line joining the centre of 
percussion and the axis of vibration in that plane, is 
also = 0. But this is a problem not fit for an elemen- 
tary treatjise.-— See iht Hydrostatics^ third edit. Pn4>« 
To find the Centra of Pre9sure« 

As the force acting at O destroys the motion, let us 
suppose a fdrcje t6 act at O and to generate the motion 
Dack again ; then it is manifest, timt the body would 
begin to return under all the same circumstances iii 
which its motion ceased ; that is, it would begin iti 
motion by revolving about C. In this case, C is callra 
the centre of sporittaru^oui rotadon ; inaking therefore 
the point at which a folxe acts upon a bbdy that caii 
move freely, the centre of percussion, the centfe o^ 
ibpontaneous rotation coincides with the centre of rota- 
tion corresponding to that centre of percussion; 
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On the centre of OSCILLATION; 

DEFimrioj^. 

64. The centre of oscillation is that point in the aid^ 
of a vibrating body, at which^ if a particle were sus- 
pended from the axis of motion, it n^Ould vibrate in the 
same time the body does. 

Prop- XXX. * 

To find the centre ^oscillation of a body* 
6^i Let ABD be a body projected upon a plane 
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perpendicular to the axis of rotation, as in Art. 63. the 
iuds passing through C and aupposied to be parallel to 
the horizon ; and let G be the centre of gravity, O the 
centre of oscillation ; draw Co parallel to the horizon^ 
Om, Gff^ fir perpendicular to it. Then by the pro* 
perty of the lever, the force of gravity to turn the 
particle /^ about C oc/r x Cr; hence, the force of gra? 
yity to turn the whole body about C oc the sum of all 

B 




the fi X Cr. Also, die force of gravity to turn a 
single pardde O at O about C oc O X Cm. Now by 
Art. 60. the inertia di fi ^fi X Cfi\ and there£3re tfa^ 
inertis^ qf the whole body oc the sum of all thefixCfi- 
Also, the inertia of QocOxOC^ - Now that the ac- 
celeration of the body about C may be equal to that 
of the particle O, the moving forces must be in pro- 
portion to the inertise ; because, if tiie powers to pro- 
duce motion be as the powers to oppose it, the accele- 
ration must be the same. Hence, sum ofailfixCr :Ox 
Cm : : sum ofallfi x C/i* : O X OC*, therefore OC = 
sum of all fiyS^fiy^Om sum of all fixCfi^ , 
sum of all fixCr^OC ^ bodyxCG ' ^^"^^ 
(by sim. triangles) Cm : CO : : Cj" : CG^ and therefore 

Cm CjP* 

jre = Y^» and by the property of die centre of gra- 
vity, sum of all fixCr^ body X Cg. Hence, the 
centre of oscillation is the same as the centre of per- 
cussion. Or if S' be the body, x the distance of s 

from the axis of suspension^ tiien CO as J^*^^ = 

flu. xs 

flu. y«i 
*xCp* 
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66. Join/^G; and draw Vo perpendicular to CG; then 
Cft^ = CG*+QA« — 2eGxGt?, therefore ^xC/r»= fiX 
CG«+/ixGa* — 2CGx /iXGc?, and the sum of all fix 
Ct^^sum ofaU/ixCG*+sum ofallfixGt^^2CGx 
sumofallfixGo; hut iht sum of aUfixGo^O^ hom 
the property of the centre of gravity; and the sum ofaU 
fixCG^ = body X CG* ; hence, sum of all p- x Gf^ == 
body X CCt* + sum of aUftX Gfi' ; consequcndy CO :^ 
hodyxZG^-^-sumojallfixGi^ _^^ sumofallf i xGi^ ^ 
bodyxGG -^^H b^j^QG * 

i_ r>r^ sumofall/ixG/i* ^^ - 

hence, GO= — , r, '^ Now as the numerator 

bodyxCG 

is constant, GO varies inversely as CG ; hence, if we 

find GO for any one value of CG, we shall know every 

other value of GO from that of CG« Hence also, if O 

be the centre pf suspension, C will become the centre 

of oscillation ; for as GOxGC is constant, if C be 

i:hanged to O, O must be changed to C* 

Cor. If X be the distance from C to the centre of 

gjrration ; then by Art. 61. oc^s = sum of all fixC/^ ; 

and by Art* 65. CO Xsx CG = sum of all fi x Cff ; 

hence, Af*=COxCG, and CG \x ii x\ CO, 

EXAMPLES. 

Ex. 1. Let CD be a straight line suspended at C ; 
to find the centre O of oscillation. 

Put x:=zCfi* then the fluent of ^i = flut o(^x:s:\x? 

C 



O. 



D 
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«= (wheh :v»CD) ^CD^. Also, body X CG » CD x 
|CD=JCD« ; hence, CO=»|CD, 

£x. 2. Let the line AB vibrate lengthways in a ver* 
tical plane about C, which is eguidistant from A ondB t 
to find its centre O of oscillation. 

Draw CG perpendicular to AB ; and put CG = a^ 
Gp=x; then/>C*=a«-f;c* ; and the fluent of C^ x * 
e=fluent of a^x+x*x=^c^x+lx^ ^ (when x « AG) a* 
X AG +^AG^ ; hence, for the whole line AB, it be- 




^ 



10 



comes 2a* X AG+I^G^. Also, body xCG^axAB 
=. « X 2AG ; hence, CO = ££^^g^=«+ 
AG* 



Ex. 3. Let DAE be any parabola vibrating flat- 
ways, or about an axis passing through C parallel to 
i?MN ;, to find the centre O of oscillation. 

Put AC=fl/; AM=;tf, PM=y, then ax^'^y ; hence, 
2yx = 2flA:'*a? = s ; and the fluent of CM* x *, or 




2.d+x^y,aoc^x^ or 2d^ax^X'\Adax^+^x+^ax^+^x^ is 
-j — --7^; — f — — . which vanishes when 



n+X 



n+2 



n+S 
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x^Oj and therefore it wants no correction* Also, tb£ 

fluent ofCMxii6rd+xx2a:(^Ais ^^' — \ ^^^^+^ ^ 

w+1 fi+2 

hence, if the former be divided by the latter, we get 

(by r e ductio n) C Qcs 

1^+2 . n + 3 . rf«+n+l . n+3 . 2dx+n+l . n+2 i x* 

n+2 • n+3 . rf+n+1 . n+3 • x 
If £/aO, and nsl, the figiire beeomes a triangle, and 

,If 71=4, it becomes the common parabola, and AO 

£;c. 4. £^^ ^^^ parabola vibrate edgeways, and let it 
be suspended at A ; to find the centre of oscillation. 

By Ex. 2. the sum of the products of each particle 

"pf the line PN into the square of its distance from A, is 

2j:« X j/+|y'=»2x«xax*+la^x^« ; hence, 2ax«+*a7+ 

^€^x^*x is the fluxion of die sum of the products for 

2£i<^+^ 20^^*^+' 
die whole body x whose fluent is — ^-r - — h — ==•• 

«+3 3.3n+l 

Ais^o, the fluent of AM x ^ is the same as be- 



fore, d being flow =*» O; hence, AO 



n + 2 • X 
n+3 



fl* . n+2 . x2»»-» 

'1 -— - 

3.3n+l 

Sx 

If n = ^, it is the common parabola, and AO =b ^^ 

a^ 

if n=l, AO=— + -— for a triangle ; andif ^=1, 

4 4 

Ex. 5. Let CG be perpendicular to the plane of the 
eircle AW ^ and let Mf circle vibrate about an axis 
passing through C and parallel to AB j to find the cen- 
tre O of oscillation. 
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Drav GPV perpendicular to AB, and EF parallel 
t:^ AB. Put AG=rr, CG=flf, GP=y ,then CP»g=Q» 

•f a», PE =» \/r«— ;5tS and EF = 2 Vr^—x^ ; hencet 




EF X CP» =» a»+ ;c»X 2\/r»— ; y«, which multiplied by 
a? gives a*a7+<v*i? x 2Vr=* — «•* for the fluxion of the 
sum of the products of each particle of the area 
ABFE multiplied into the square of its dbtance 
from the axis of vibration* Now to find the fluent, 

^ehave the fluent of a* x 2 Vr* — x^ X •'t? =«* X area 
ABFE by Art. 49. and when :)c « r, the fluent = of 
X AVB ^ and as the same is true for the other semi- 
circle, the whole fluent is fl »x circl e AEB. The fluen( 

of the s econd p art, 2x^x\^7^ ^-rx*y m ay be found thus. 

Let i? Vr«— jc« aa A, x*± Vr*— *« « B, and ;c X 

r*— <c» I* =s P ; then by taking the fluxion of the last, 

w e have F ^xxr ^ — ^H -3a^i Vr*^^^^ aai? X r » — x*x 



that is, P=r^ A-r4B, hence, (by taking the flueibts) P 
=r2A— 4B, and B = — r~> therefore the fluent of 

— — -" r'A—— P 

2x^x \/r2— or* is -«— T^ ; bi|t when a:a=sr, PssO ; and 



the fluent becomes 



2 

HA 

2 



-- X circle AEB, because A 



3=^ of the circle v^l^en ;v==r; and fpr both semicircles it 



108 



Centre of Oscillaiioti. 



becomes — X circle ; hence, the whole fluent is a* -f i^ 

4 

X circle, which is the sum pf the products of each par- 
'ticle of the circle X the square of its distance from the 
axis of. vibration. Also, a X circle ss the denomina- 
tor for the valiys of CO ; hence, by dividing the former 

by the latt#, we get CO s«= a -{ . 

4a 

Ex* 6* Let the solid formed by the rotation of anu 
curve DAE about its axis AB, vibrate about C in B^ 
produced; to find the centre O of oscillation* 

By Ex. 5. the sum of the products of each par^ 




ticle of the circle M N into the square of its disr 
tance from th e axis = CP« + ^PN* x circle MN = 
CP» + 4PN«x/>xP N» (/>beingc=.3.1415 9 &cO=;& x 

CP« X PN^4-^P N^=/>x74^yxt/«+lv^; hence^a7>c 

d+x X y^+iy^ is the fluxion of the sum of all such 
products for tfie whole body ; the fluent of which divid- 
ed by CG X body^ gives CO. 

Ex. 7. Let the solid be a paraboloid ; to find the cen^ 
tre of oscillation. 

He rg ax^t^ ; hence, pA X d+x*xy^+iy^ is equal to 

px X d+x^ xax + ^x«, whose fluent is ^pad^x^ + 
^padx^+lpax^+j\pc?a:^ ; also, (Art. 53. Ex. l.),the 
^ody =r ipax^, ; and (Art. 58. Ex. 2.) AG « |^ ; .•. 
CG«rf+ ^x ; hence, CG x body = \pad»^+^pas(^ I 
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cUviding therefore the above fluent of this quantity, we 
have CO = 6^'+8rf^+3^+^^. 

If C coincide with A, rf=0, and CO = ^^^. 

Ex. 8. Lei the solid he a cone j to fndthe centre of 

oscillation. 

Put AB^Oy BD«d ; then a:A::*:v=«— = 

a 

fif mc= — j i72;c; hence, i^i; X d+o? x ^*+Jj^* ^pxx 

4+xx »??Jtf*+im1pc*, whose fluent is ifid^^x^+lpdm^x^ 
^pm^x^+^pm^x^l also, (Art. 52. Ex. 1.) the body^ 
^rn^oc^i tmd (Art. 58. Ex. 2.) AG=|;r, .•. CGssrf+Jjc ; 

hence, cO == ?2^1±i2*i±12f^±i2!^ = 

^^ -, ^^ for the whole cone, when Ansa, 

20£/+l 5a ' ' 

and mx-as^s^i. 

If the cone be suspended at the vertex, then </aO, 

andCO = 1±i^. 

5a 

£;f . 9* Let the body be a sphere ; to find the centre O 

of oscillation^ C being the point of suspension. 

* |liet B be the centre j then if B A=r, iy«= 2r;c-^-;«*v 




la this case, it will be most convenient to apply the rule 
in Art. 66. that is, to get the value of (CO when. C 
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coincides with A, and thence to deduce its value in 
any other case. Now when C coin cides with A , d=Oy 

and the expression becomes /a? x xHf^ + \y^ =j& x 
r'A^i^+r^v^ifc— Jjc^i?, whose fluent is \pr*o(^ +%pro(^ 
— i^P^ » ^"^^ when ;c = 2r it becomes f| pr^ for the 
whole sphere. Also, the body X CG (G coinciding 
with B) "»j^^ X r==4fir^ ; therefore AO=lJr ; con- 
sequently BO = |r. Ijlence, (Art* 66.) if €/=sCB, di 

2r^ 
r : :: i^^-^ "^ ^^ when the point of suspeiision is^t 

2f^ 

C ; therefore CO «= d+ ~. 

5a 

Ex. 10. Let the body be a circle, and the axis of vi- 
bration pass through C perperuHcular to its plane. 
Put GAasr, CGcsi/, GO»;r, and/^s=6,283 &c. then 




px^sAit circumference vwz^ and the fluxion of the suni 
of s4^ the pardcles multiplied into the square of their 
distances from G^^flx, x ^ X i?, whose fluent, when x 

«ar,is -r- ; and the area of the circle x d^^ X di 
hence, (Art. 66.) CO =» rf + -y 

3 

If C coincide with A, then CO = — r. 

2 

Cor. Hence, the same must be true for a cyRt^deTy 

frJ!!P5e dziii ia paraDel to the axis o:f vlbtatiQiL* 
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On the attractions of BODIES 



Prop. XXXI. 

nnO determine tht attraction of a corpuscle P iowaf-ds 
-* a right line BA, in the direction f A perpendicular 
to AB, supposing the attraction to each particle of the 
line to vdry inversely as the square of the distance* 

67. Put P A« a, AC « Xy then PC**: «» + x»^ and 
therefore the attraction of P towards a particle at C is as 



efi+x 



- ; and by the reaoiuticlki of forces Vt^^x^ : d 










the attraction in the direction PA; 



HOC 

h^nce, ^ is the fluxion of the whole force, whose 

a^+x^ p 

fluent (Art. 39. Et. 5.) is r , which wants 

ho correction, for when x^Oj the fluentsQ ; and when 

:t«=AB, it becomes -.-^ ^. ' for the whole attraction 
' PBxPA 

in the direction PA. 
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In like manner we find the whole attraction iii 

1 



the direction AB ; for S/a^+x^ : x : 



£1*+^ 



^ and the fluxion of the force is — — -jf 

whose fluent (Art. 39.) is — , which wants a 

correction, for when ;c=0. it becomes -— — ; hence, the 

a 

cortcct fluent is — — -- ., and when x =s AB, it 



becomes ^^t — ?ts *■ t^p * t*^ for the whole attrac* 
PA PB PBxPA 

tioh in the direction AB. 

Hence, the attraction in the direction PA : the at- 
traction in the direction AB : : AB : PB — PA ; tad^e 
tiierefore AC = PB— PA, and join PC, and that will 
be the direction in wUch the corpuscle P will begin to 
move. 

Prop. XXXII. 

If the line PA be perpendiqdar to the line B A; to find 
the attraction ofVA to B A, upor^the same law of force. 

68. Puta=AB, a:=: A/i; then (Art. Gr.) the attraction 

of a corpuscle 2XP to AB^s ■ ; hence, — ■■ 

ocVa^+x^ x\/a^+o(^^ 




is the fluxion of the attraction required j who^t flueiit 
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(Am 45. Ex. r.) is }h. L , ^^ — j now when jc=0* 



this becomes 4h. 1. ^!IZf = 4h* L -^ ; hence, the fluent 



corrected is ^h. 1. -^^^— Ih. L ■^« (when xiz 

AP) |h. L ^;j;~ ■■ ■ -Ih. L . ,' , an infinite quan- 
AB-f-BP * 2AB ^ 

titjr. 

Prop. XXXIII. 

Let O 6e ^Atf cenkre of a citcle ABCD^mda corpus^ 
cfe P be situated in the line OP perpenmtukr to its 
plane ; tojind the attraction of If to the circle, suptos* 
tng the attractive force ofVto every particle of the 
tircle to vary as the ifi^ power of the distance* 

69. Put PO « d, Pv -ije, /k — 3,14159, &c. then 
Oo*as ^ — a«^ and by Art. 49. Pxx^ — a* = the areA 
of the circle vw\ hence, 2tixx is the fluxion of th^ 
area at the distance Or from the centre ; and by th* 
resolution of forces, xiaii o^ (the attraction of P to- 
^^rd v) : oAp*^ the atti^action of P to a corpuscle at 




B 

1» in the direction PO ; hehce, the fluxion of the at- 
traction of P towards die circle is as 2tixds x ox* * = 

%/iax^Xj or as a:tf»i?, whose fluent is — ; but when 

n-f-l 

x=*a^ Ot^ssOy and consequendy the attraction vanishesi 

Q 
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but in this case, the fluent is \ therefore the fluent 

n+i 

corrected becomes — ^: — -; and when ar—PA 

n-l-1 n-fl 

(neglecting the constant denominator) it becomes PO 

XP AM-i — PO"+ % which is as the whole attraction 

towards the circle. 

PO 

If n =£ -«- 2, it becomes 1 — =--- , the denominator 

PA 

neglected being now t=r — 1. 

If n be a negative number greater than I, and the 
radius AO become infinite, so that PA becomes infi- 
nite, then PA being in the denomiflator, the first term 
PO X pK»Ti = 0, and tht atlHiction is as PO«+»; 
Hence, if n = — 2, the attntctidii becomes unity ; 
therefore the attraction is the same at all di$tanee^ 
PO- 

Prop. XXXtV. 

Ixt the dttrdctive force of a cofpuscle at P to each 
particle vary inversely as the squaYe of the distiance; h 
find the attraction ofVto the cone P AC. 

76. hy the last article, the attraction of P to the 

circle sr is as 1 — -rr *=1 — tTT J the attraction therefore 

P* PA 

to every section sr is the same ; hence, the aUraction 




PO 

to the whole cone is as 1 — --r >c number of sections* 
PA ' 

PO PO^ 

eras 1— p^xPO,orasPO — p-Tj-. 



PO 
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Hence, for rimilar cones, ^^ being coiistant, the 
attraction varies as the length* 



Prop. XXXV. 

Jff' a corpuscle be situated at P m the axis SQi^of a 
cylinder J tojindits attraction to the cylinder, suppos- 
ing the attractivejbrce to each particle to vary inverse-' 
ly as the square of the (Hstance* 

71. Put RF»a^ PR»;c, then PF»i V^Hh^ ; and 
by Art. 69. the attraction of P toirards the circle £F 



is as 1 



X 



_ :^ ; hence, the fliudon of the attrac- 
V(fi + x* 

XdS * 

tive force is as i? — < ,. . , , whose fluent is AP-f- 
yi»+;v» (Art 39.) 5 now when xw^ PQ, this fluent 




l^ecomes f^Q-r-PB, and wheq x =p PS, it becomes PS 
—PC; and as we want the attraction of P to the solid 
between these two values of x^ their difference SQ -f* 
PB — PC is as the attraction required. 

If the length be infinite, then rC s= PS ; therefore 
SQ — PCs SQ—PS = — PQ, and the attractiop ber 
po|3ies$isPB — PQv 



m 
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If the diameter AB be infinite, then PC ss PB i^ 
hence, the attraction becomes as SQ^ 

Prop. XXXVL 

ToJindtheaitracHonof acorpusck P /^ ft sphere,, 
when the attraction to eachpartkk varies inversely as 
the square of the distance. 

79. liet PAC be perpendicular to BD ; put the 
radius AQ = a, OP s? b^ AP = «-<-^»c, PKay, and 
let P B = c-f 3f, th en AK«b y -^ c, CK«p2 g— y +c, •% 

y— c X 2a— y + c«» BK*— BP«— PK» » c*?**— y» ; 

»->-<» 45 (as A ss a 4* c^ 



• 2€ic + 2c* + 

lience% i/ ss ■ m ^ i ii 



2c 




aftc + 2cA(r + A* 



*«"i'^ 



2F 



; thevefbvQ ti^ attraction of P to the 



orde Ru is (Art. 69.) as 1 - ■ ■ . .j .. . j ZL -', or asc 



2* X c + ;c 
,. „ j^b: :^; alsOy.i^v ■ . ■ ; hence, the fluxion of the 

attraction to th^ sphere is as ^-^-^^^r; — -^> whose fluent 
i^ I n f ^ the attraction to ABD, for the fluent 



wants no correction, as it becomes:;=a when 

4a* 
and when jr s; 2a, it is -^^ the i^raction to the wholQ 

V . ^^ c? 

sphere J wl]uch therefore varies as ^^ 
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If the density ^ of the sphere should vary, then the 

attraction urill vary as -7^, 

If the corpuscle be at the surface of the sphere, then 
a = A, and the attraction varies as da. 
Since ^e quantity of matter m varies as da?^ the at- 

traction varies as y*. Now if the sphere were evanes* 

cent in magnitude, with the same quantity of matter, 
the attraction would be the same, it being mdependent 
of a. Hence, the attraction of a corpusde to a sphere 
is just the same as if all the matter ot the sphere were 
cqllected into its CQqtre« 
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On second, third, &c FLUXIONS. 

Piio>* XXXVU- 

rjnO explain under what circumstances a quantity may 
'f' have several orders ofjlupnons* 

73. The fluxion of a quantity Iieing the uniform 
^nc^t-ease or decre^e of that quantity in a, given time^ 
livery quanti^ which increases or decreases must have 
a flution, Heqce, if the fluxion of any quantity be 
not constant, it must have some certain rate of in** 
crease or decrease, which rate of increase or decrease 
will therefore be the fluxion pf that fluxion, or th^ 
second fluxion of the original flowing quantity* Also^ 
if this second fluxion l)e not always U^e same, it must 
have a rate of variation, that rate therefore will be the 
Susqqn of the second fluxion, or the tfiird fluxion of 
the original quantity ; and so on*t Thus a quantiQ^ 
will have a successive ord^r of fluxions till some one 
fluxion becomes constant, and then by Art^ 3* it will 
have no more. Thus, let x increase uniformly ; thai 
the fluxion of «' is 2xdb ; now db is constant, but x 
itself increases, therefore 2xdb increases in proportion 
to the increase of x ; the fluxion therefore of o^ is not 
constant. Hence, considering x as the variable part of 
2xXy its fluxion by Art. 9. is 2a?a; = 2a73, which is 

* The fliudon of i* is denote thus, jq; the fluxiqn of i^ is d$« 
poted thus, ;]^; an4soon. 
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the second fluxion of x^* But if we suppose x not to 
increase uniformly, then 2xx will have both x and ab 
Tariable ; hencp^by Art. 15« the fluxion of 2xdc will 
be 2xx -I- 2xSby or 2i^ -|- 2xXy which therefore is the 
second fluxion of ;c*. But if we should here suppose 
neither x nor a& to be constant, then this second fluxion 
would be variable. Now the fluxion of 2x* is found 
by Aru 13. considering here x as the root, and there* 
lore the fluxion of the root is sb ; hence, the fluxion 
of 2x^ is ^x ; also, the fluxion of 2ocx is found by 
Art. 15. to be 'Zxx+QxS^^^ both x and 3t being variable; 
therefore the fluxion of 2x* + 2xcCy or the third 
fluxion of A^, is 4xx + 2xdb + 2*i& = 6i?* + 2xx. 
In like manner we may find the successive orderaf of 
fluxions of any quantitv. 

74. If ;c increase uniformly, or if x be constant, ;t* 
will have n fluxions, and no more, n being an afiinhative 
whole number. For the first fluxion is nxf^'^^x ; and 

X only being variable, its fluxion is n.n^ ^ 1 . x^*^x^ ; 

and the fluxion of this is n • n — 1 . n — 2 • x*»~*i;', &c. 
when therefore we have taken the fluxion n times, th^ 
index of «r becomes =0, and ;i^=l; hence, the fluxion 

then becomes n • n — 1 . • • 2.1. a?", which being a con*» 
slant quantity, it has no further fluxion* 

75. The first fluxion of ;if* + ay^ is ix^ x+ 2ayy 4 
and if x and g be both variable, its fluxion is Qxjl^ 
+3^x + 2ay^ + 2ayy ; but if x be constant, then 
d& = ; therefore the second fluxion becomes ^xx'^ + 
2ay^ + 2ayy ; and if j/ be constant, the second fluxioii 
is ^xx^ + Zx^ab + 2ayK 

76. The first fluxion of x^y^^ by Art. 15. is 
ny^x'^^x+m^^y^^^i); and if both x and i) be variable, 
we are to consider each of these quantities as com- 
posed of three variable factors, and then the fluxion, 

by the same Art. will be n . mx '^^y'^^yx + n . n — 1 . 

y^x'^'^x'^+ny^x'^^X'{'rn . m— l.:>p»i/'»*^j^4.?nn^'"'**5f"*^ 
dby+mx^y^'^^y* 
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On thb point of CONTRARY FLEXtTRS 

OF A CURVE. 

jDJBFJtmrioJv. 

77* It a curve he concave in one part and convet 
in another, the point where the concave part ends 
and the convex begins, is the point of contrarjr 
flexure* 

Prop. XXXVIII. 

To find the point of contrary fieocure of a curves 

78. Let PQ, BC, Dr, be three equidistant ordi* 
nates, and the curve concave to the axis ; and draw 
QR, CE parallel to AD, and join QC, and produce 
it to meet Drin^ Then the triangles QRC, CEr^ 
being similar, and QR =:CE, therefore CR= ^E, and 




V 



hence CR is greater than Er; therefore if y represent 
the ordinate, moving from A, and x the abscissa, and 
PBssBDai? a constant quantity; then corresponding 
to the uniform increase of x^ the increment of y^ and 
consequently e/, decreases; now as y increases, y is po* 
sitive by Art. 16. but as ^ decreases, its fluxion^ 
or ^, is negative by the same article. 

If the curve be convex to the axis, and the ordinate 
move from A, then the increment of y^ and therefore 
I/, increases; and as y increases, ^ is positive; and as y 
increases, its fluxion, or y^ is positive. Therefore when 
the curve is concave to the axis, ^ is negatvoe\ when 
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convex, y lapositivey x bung constant. Hence, at the 




point of contrary flexure, y changes its sign ; but a 
quantity may change its sign, either by passing through 
0, or infinity ; hence, at the point of contrary flexure, 
■y=sO^ or injinity. What we here mean by infinity i% 
only in respect to its value at any other time, that term 
being relative ; and in thb case we are to understand 
diat y is indefinitely greater at that time than at any 
other. If we conceive a line to be drawn from A pa- 
rallel to BC, and consider it as an abscissa to the curve, 
and draw Unes from it to Q, C, r, parallel to AD; then 
the former abscissae AP, AB, AD, become equal to 
the ordinatea, and the ordinates PQ, BC, Dr become 
equal to the abseissx ; if therefore y be made constant, 
ib = 0, or iafinity, at the point of contrary flexure* 
Hence, we have the following 

RULE : 

Put the equation of the curve intofuxiona ; mate x 
or y constant and take thefuxion of the equation againy 
and get the value of y or aby and put it=0, or infinity i 
from which find the value ofx, which gives the abscis- 
sa corresponding to the point of contrary fiexure. And 
to determine Jar any -value ofx, whether the curve be 
concave or convex, substitute that -value for x into the 
expression for y, the x being supposed constant, and if 
it come out positive, the curve is convex to the axis; if 
negative, it is concave. 

EXAMPLES. 

£x. 1. tet tbe equation of the curve ieyHx+lBx^ 
R 
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Here *s3i?+36«a?— 6***, and 5«36i?*— 12yi«« 
(if i?=r 1 j 36— 12jp. Now make 36— 12;c=0, and as 
5 ; take therefore AB=:3, and draw the ordinate BC, 
and C is the point of contrary flexure. If x be between 




and 3, 36— 12;>f is positive, therefore the part AC of 
the curve is convex to AB ; but when x is greater than 
3, 36— 12x' is negative, and therefore the curve is Con- 
cave towards the axis. 

Ex. 2. Let GC V he a curve of such a nature'^ that if 
GA (which tspertendicular to AS) be produced to any 
folnt P, and PC oe drazvn to any point of the curve^ t»v 
•shall always be equal to AG. 

Put AB = ;v,BC = y,PA = a, AG = ft; then by 




sim. trian. P Av, B Cx;, a ( PA) : «— .\/*«— y* ( Afi-^ 
B i;) ;; y (BC) : V ^*— j/* (Bv) ; hence, xy= a+y X 
\/b^ — y* ; take the fluxion, and ydb + xy=:y VA*— y* 

— ^/ f ; substitute for x its value, and we get 
\/l^,^ ® 

y^+b^a 
A? ss *- ^ ■ I ■ X j; J now make y constant, and we 
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have 3t a±3 .11 ^ .1 ^ X ipj which put a 0, in 

which case the numerator=0 ; hefice, y^+3ay*^2i^a ; 
from whence y may be found, and then Xy which will 
give the point of contrary flexure. This curve is the 
Conchoid of Nicomedes. 

Etc. 3. Let the equation of the curve be y= 180^?'= 
110Ar»+30Ar^— 3a^. 

Here g = ZQOxx — 330;c*i? + lao^^a? — ISsd^x^ and 
y = 360x«-^60;ex^+36ae*a?«— 60x^i?« = O, or— ^+ 
6jf*— 1 liv+6s=0, whose simple factors are 1—^, 2 — x^ 
3 — ^ic^and the roots are 1,2, 3, the abscissse- corres- 
ponding to the points of contrary flexure, of which 
therefo re, ther e are th ree. As — o^ + 6;c* — 1 la: + 6 = 

1 — X X ^'"^ X 3 — X, when x is less than 1, this quan- 
tity is positive, and therefore the curve is convex to 
the axis ; when x is between 1 and 2, it is negative, and 
the curve is concave ; when x is between 2 and 3, it is 
positive, and the curve is convex ; when x is greater 
than 3, it is negative, and the curve will then continue 
ooocave. 

79. If by making y = 0, the equation has 2 equal 
roots, then ^passes through O without changing its 
sign ; in this case therefore, the point found is not a 
point of contrary flexure. And tfiis will always be the 
case, when the equation has an even number of equal 
roots. 

• If the Reader wish to see any thing further upon 
this subject, he may consult Mr. Lyons's Fluxions, 
page 136. 

80. To find the point C of contrary flexure of a Sfii- 
raij it is manifest, that as long as the point A ap* 
proaches to C> the perpendicular Sy upon the tangent 
must increase ; and after A has passed through C to 
B, the perpendicular will then decrease ; therefore at 
the point C it is a maximum ; hence, if we make the 
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fluxion of die perpendicular «s o, it will g^ve the point 




x>{ contrary flexure. 

£x. Let the spiral be that in Article 32. 

Here Sy » .. ^ ; hence, 2Sv X Sy 



fore 2m^t/^+^+3m+2xm^ ^y»^+ ^=Q; hence, z/2»»— 

, and V =a — ^ ^ - 1*^ X ^ Assum- 



w + 1 X <*•* 



w* 



ing therefore m a whole number, 2m must be an even 
number, and therefore y is impossible, except m be a 
negative number greater than 1, in which case the 
quantity under the radical sign becomes positive. 



For theXi^t/^, m»—- 2,and^a3 — I x^ = 4l 

If m*sl, it is the spiral of Archimedes^ and y is im- 
possible, therefore it has no contrary flexure* 

If m ss -— 1, it is the recifirocal spiral, and y is im- 
possible, therefore it has no contrary flexure. 



SECTION VIII. 



%A^^*MWinfimfi^^^ 



0» THE MOTION or BODIES ATTRACTED 
TO A CENTRE or FORCE. 



Pbop. XXXIX. 

nnOJind the time and velocity of a body descending or 
'^ ascendmg in a non'resiating meiSum^ in a right line 
to or from a centre of force; supposing the force to vary 
as any power of the distance from the centre. 

81. Let V be the velocity of the body at any time, 
X the corresponding space, either that described, or ta 
be described, m = 16^ feet, t » the time, F the force 
compared with the force of gravity on the earth's smf ace, 
which we will represent by unity ; then vv=:± 2mFXy 
the sign being -f when v and x increase together, and 
— when V increases as x decreases. For by Mechanics^ 

do X 

«aF X ^ and f a - ; hence, *aF x— ,andv*aFx 

a?, that is, vv is to Fa? in some constant ratio ; let vvss 
dFx* Now when a body falls upon the earth's sur- 
face, V* = 4fmx by Mechanics^ x being the space 
described ; hence, i;v b 2mx ; but if ;c be the space to 
be described, and a the whole space, then •»* = 4m x 
a — Xj and no «» — $mi? ; hence, v* = ± 2mx ; but 
in this case, F=l ; therefore rf= ± 2m ; hence, v»s= ± 
2mVde. Also, the velocity of a body moving uniformly 
is measured by the space described in 1" ; therefore 
to find the time corresponding to the space ± or, we 
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have V : ± a? : : 1" : / = ± — , because t; is the velocity 

with which do is described in the time i^ and when the 
velw:ity is uniform, the space is as the time. 

Coi^ if the force of gravity on the earth's surface be 
represented by 2m, then ^=1, and vr = ± Vx. 

Prop. XL. 

Let a body begin to fall from any point A towards 
the centre of force S ^ tonnd the velocity at any point 
C, and the time of describing AC. 

82. Put a = S Ay X as SC, v «> velocity at C, ami let 

A 



. / 



the force vary as x'^j and at any distance c from S, let 
^represent the force compared with the force of gravity 
on the earth's surface, or unity ; then c" : ^c" : : e i 

-J X ^ = f if ^=*-s ) ^^fcc*, the force at the distance x ; 
hence, ot=— 2mfl&c*i?, and- =— xxf^+ *+C : but 

2 71+1 

when v= 0, Jtf = a, and 0« _ lil- x««+ i+C, .-. C= 

n+1 ' 

2md , ^ t;' 2md ' '' , ^ 

--—Xflt»+*i consequently- =a x«*+* — iv^+^and 



I4md 



X 



X Va«+i— ;v»+ ^ Hence, ^« — -— — 
n+1 ' V 
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a? 



l4md 



-, whose fluent ^ves i ; but 



X Va»+» — ^*+* 



this can be found only in particular cases. 



4. # 



EXAMPLES. 

Ex. 1. If n «39 0, then x^ = 1, and the force is 

constant, and v = V4,md X Va — x. Also, t = 

1 



V4mdx Va— cc \/4md 



X a — x] X — a?, whose 



fluent (Art. 39.) is tzs ^ Xtf-^1 + C ; but when 

V4fmd 

t^sO^ xssa^ ••• C=0 ; hence, t=i x a — ^"j . 

^4f md 

Ex. 2. If n s 1, then v = \/2md X Vc^—x^ = 

V2ffui X CD, if upon SA a quadrant be described, 



and the ordinate CD be erected i^to AS. Also, 



? 




; but if 2 = AD, then 



(Art. 46.) i : — a? : : « : Va* — ;c«, .•. 



•—a? 



Va*-*^:* 



a 



I 1 » 
hence, r = y^TJ- ^ ""i whose fluent (which wants 

correction, because when ^ssO, smO) is ^«b ^ — - 



no 



*♦ 
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— , the time through AC ; hence, if yi=l,55roy9 (^^ch 

a 

is — of tlie circumference of a circle whose radiussl), 

4 

we have v x A for the whole time through AS, 

because here z=zA\^fia. Hence, firom whatever dUs- 
tance the body falls, the whole time of descent will be 
the same, it being independent of A S. ^ 

Ex. 3. If n = — 2, © = V4mrf x V**"^— «"* «x 



V4tma X V • Also, t=z — — =- X 



4 



ax \/4 md V" g^-sy 

a* — x± a^ K^i^^ — x^ 4^ 



X 



^fHmS Vofl^— <v* V^md Vox — o^ Vox — ofi 

whose fluent (Art. 40. and 46.) is r «b --==: x 

\/4fmd 



(Vox — ^— a cir. arc, whose rad. as — a and versed sine 
x) + C = (if upon AS we describe a semicircle) 



VAimd 
X (CE — SE) + C ; but when /sbG, this becomes Ob- 



X _ arc SE A + C, .•. C=-4= x arc SEA ; 

ai 
consequently r=s— == X (CE+arcAE). Hence, the 

whole time to S= — == X arc AES. 

\^4fmd 



Ex.4. Ifn^— 3, v = V2mrf X Vat* — . a-« = 
Va* — »^ *, . 1 — axx 



s/%md X . Also, / « . . X 



ax V2md Va* — ^;v» 



1 



and therefore ^=» x aVc^ — ^ = x AS 

V2w(/ ~ V2md 
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X CD, which wants no correction, because when 
tfttO, CDssO, and both sides vanish tog;ether. Hence, 

the whole time of descent to S =3 — x AS*. 

V2md 

Ex. 5. If e^tj c^ry the radius of the Earth, n« 
- — 2, and a be taken any distance from the Earth's 

ce ntre g reater than r, then d » r*, and v ^ V4mr* X 

= r\^4mX\ the velocity acquired in 

falling from any distance a from the centre through 

I — . — 

a — X ; and when ;e = r, v =» r V 4w^ X v = 

^ or 

\/4fmr X \ the velocity acquired in falling 

through the space a — r to the Earth's surface* If a 

be infinite, v ^\^ Atmr the velocity which a body 
would acquire in falling from an infinite distance* 

Ex. 6. If n=l, and a=r, then d = — ; hence, t; « 
^ r 

V — X r* — A^ ; and when ;p3=0, t;= \/2wr, which 

is the velocity a body acquires in falling from the 
surface of the Earth to the centre, because within the 
Earth's surface the force varies directly as the distance* 

Also, by Ex. 2. t^p X V ^=*= ^ V ^ • *^^^^* 

by Sir I. Newton's Principia^ Lib. 1. p* 38. Cor. U 
the time in which a body w ould revolve ^about the 

Earth at its surface ss 4/» x v — =« p^ — • This is 

^ 2m ^ m 

the time in seconds ; also, 4pr is the circumference of 

fsf' — " 

the Earth : hence, p v — : l" :: 4pr : VSrm the 

^ ^ m ' 

S 
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velocity of a body revolving^ about the Earth in a circle 
at its surface, the velocity being always measured by 
the space described uniformly in !"• We must take r 
in feet, m being in feet. Hence it appears, that the velo- 
city of a body falling from the surface of the Earth to 
its centre, is equal to the velocity of a body revolving 
at the Earth's surface. 

Cor. 1. From hence we may find how far a body 

must fall above the Earth's surface to acquire the ve- 

Iqcity in a circle at the surface, supposing ns= — 2 ; for 

1—^ 

then, by the twq, last examples, V4mr X \ = 

v^2/wr ; hence, a = 2r, and a-^^r^^r the space fallen 
through. 

Cor. 2. Let $ be the space a body must fall through 
by the constant force of gravity at the Earth's surface 

to acquire the velocity V 2rm in a circle ; then, by Me^ 
thanks^ v^^^ms^2rm ; hence, «=|r ; and the same 
is true for any circle. 

. Ex. 7. If instead of supposing the body to fall from 
a state of rest at A, it be projected with a velocity by 

then when a: = a, x; =» ^ ; therefore (Art. 82.) — = 

2md , ^ , ^ b^ 2md . 

^Xa"+' -l-C; hence, C=- — ^ Xa*"*"* ;con- 

Ti+l ^ '2 n+1 

Scquently T/=t^b^+ . x a" + * — x^ + K Now to 

find to what height the body will ascend if it be pro- 
jected upwards, we must put i;=o, and then b^ + 



n + i 



---— X a" + *--^ + * ==0;hence,:v==--^X ^^-M** + * 
n+1 4ma 

the greatest distance from the centre of force to which 
the body ascends. If we assume w= ± Fa?, we get 



v^sji 



2 



^*+ jjjTY X ^'*+ ^— ^« + ^ Here, when v=CV 
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1 



-'^ X *»+a»+^ I ""*" * the greatest distance from the 



2 
centre to which the body can rise ; and this bever can 

become infinite as long as the index ^ — is positive, 

or as long as n is greater than —1. But when n is less 
than — 1, the index becomes negative, and therefore x 



is equal to unity divided by —^ X^-f^**"*"* !*"*"*> •'* 

which will be finite or infinite according as — ~ X ^+ 

«»»+ * is positive, or nothing; and if that quantity becomes 
negative, x becomes negative or impossible, which, 
as that can never happen, it shows that the supf>osition 
of v=:0 was impossible ; that is, the velocity will not be 
^1 destroyed when x becomes infinite* If a: = 0, o =s 

^h^'\ X a" + ^ I the velocity at the centre of force 

when the body is projected downwards. If ^=0, or 
the body fall from a state of rest, t;= y — - X a"+ *. 



If n=0, t;=\/2a. If72=l,r=flr, If n be a greater 
negative quantity than — 1, v comes out impossible, 
the meaning of which is, that the velocity is greater 
than can be expressed, even by an infinite quantity* 

Ejf. 8. If 71 = — 1, this fluent fails (Art. 38.) for 

then vr = ^^^md X — i whose fluent is --= — 2mdx^* !• 

X 2 

;c+C, and when i; = ^, a: = a, and the fluent becomes 
— = — 2mdx h. 1. a+C, and C=-- + 2W x h. !• £? : 
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therefore — ■«i-- + 2»u/x(h.l. a — h. L x), and v*m bi* 
+4»w/x |^1« — ; hence, r=y *• +^wuix lu 1. — '• 



VWWVVW^k>W«/V 



On the motion of BODIES in 
RESISTING MEDIUMS. 

83. Let a cylinder move in a fluid in the directioii 
of its axis, with the velocity d^ and suppose the resistr 
ance to be equal to the weignt of a column of fluid 
ivhose base is equal to the end of the cylinder, and al- 
titude k y and let the resistance of a globe of the same 
diameter as the cylinder, and moving with same velo- 
city, be to the resistance of the cylinder, as ^ to 1 ; and 
put p = 0,78539 &c. h == the diameter of the globed 
f»= 16^ feet, and let the density of the globe : thB 
density of the fluid : : n : 1. Now the magnitude of 
the globe is f/^A', and the magnitude of a column of 
fluid equal to the resistance of the cylinder is phH ; 
therefore the magnitude of a column of fluid equiva- 
lent to the resistance of the globe is phh^k. Hence, 
the magnitude of the globe : magnitude of a column 
of fluid whose weight = the resistance of the globe 

Zhk 
:: \pl^ : phl?k :: 1 : —; therefore their quantities of 

matter areas;!: —-..or as 1; — -• 

2A ' 2nA 

Hence, if the weight of the globe, or its gravity, be 
^ n diiiiiilid by unity, — - will represent its resistance mov- 
ing with the velocity d. Hence, the resistance of the 

evlinder is — . . / 

2n/i 
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Pro^. XLI. 

Let a globe he projected in a resisting me^iium^ as in 
the last article^ and let the resistance be as the c^ power 
of the velocity; to find the velocity v, time t, and space 
X described^ any one in terms of the other. 

84* Let ^ be the velocity of projection, aad r the 
resistance corresponding to the velocity d^ compared 
with the force ot gravity represented by unity ; then 

nil r 

r= — r by the last. Art. Hence, rf' : v* : : r : —- x »* 

%nh ^ d" 

the resistance corresponding to the velocity v ; there- 
fore (Art.81.)TO«-^^XT'^ir«(ifl = ^) 

*— .i«v*^i?; hence, a?aBB—^*"^, consequently a: = — 

€ 

X«*^+C; but when ^»0, vsb^, and the equa- 

^ "^"^ c 

tion becomes 0= — -X</"^+C; hence C=as 

2 — c 2 — c 

X d^\ therefore x^ — ^ — x d?^ — Tt'*^. 

2 — c 

t 

Hence, when v =* 0, and c is less than 2, ;e = 



2 — c 

X fl^, the whole space described before the velocity 
is all destroyed. 



If cas 2, the fluent fails ; for then a?« — ^, and 

:v=^ X n. 1. — =» ( because ^ = — • ) — rr ^h. 1. — . 

V . \ 3mbk I SmbA * -m^m. 

Hence, when vaeO, x becomes infinite, therefore ^e 
velocity will never be destroyed. 

If c be greater than 2, 2 — c is negative, and by 
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making v = 0, a: becomes infinite, whith shows that 
the velocity will never be all destroyed. 

Also (Art^filO* ^= — = — «r"^r, and^=*-^ 

^ V 1 — c 

X ©*^ + C ; but when ^ = O, © = ^; hence. C = 

1— c 



e 



X dy^ ; therefore t = - — x d^"^ — ©*" 



e 
c 



Hence, when v = 0, and c is less than 1, ^ = —^ — 

X cP^y the time of describing the whole space. 

If c = 1, the fluent fails ; for then i = , whose 

d 
fluent corrected is ^ = ^x h. 1. — • Hence,- when 9=0, 

V 

t becomes infinite. But it appears from above, that, 
in this case, the space is finite ; hence, the body is an 
infinite time in describing a finite space, and which 
space is ed. 

If c be greater than 1, then 1 *— c is negative, and 
when V = O, ^ becomes infinite; but the space will still 
be finite whilst c is less than 2. When c is equal to, 
or greater than 2, both the space and time will be 
infinite. 

2"H7 — 1-1. 

As vz^d^^ ■ X^|*"S substitute this 

quantity for v, and it gives t = X 

2^^ 1— 

iP-^ — {fi-^ X X I*-*, showing the relation be- 
tween t and x^ except in the cases where the fluents 
fail. 



in JiesUting Medkims. 135 



Prop. XLII. 

Let a body be projected in a resisting^medium direct- 
ly to or from a centre of force ^ and be attracted by a 
constant force towards that centre ,* to find the space^ 
time J and velocity. 

85. Let F be the force compared with gravity 

which is represented by unity, and retain the notation 

in Art. 84* Now when the body descends, the whole 

accelerative force = F — the resistance ; and when it 

ascendsy the retarding force = F -f the resistance ; that 

r 
is, in the former case the force = F — -r- ^ ^''J ^^^ '^^ 

d^ 

the latter, it= F +— X x;*^. Hence (Art. 81.), rr= 
fl/^ 

r 
± 2m X F q: -—- X v^ X i?, the upper signs being used 
d" 

when the bodv descends, and the lower when it ascends; 

¥ * 



±TT 



c 



hence, (if —- = ^) i? = -— x ,, 

1 z^ lyb 

If c = 2, i? = — X -^ ^1 whose fluent (Art. 45.) 

2m Ft^ 



is M= — X — X — h. 1. F q: ^r' + C ; but when 
2m 2e . •• 

xz=0jv=idy and the fluent becomes = x — 

4me 

h. 1. T^e^ + C; hence, C=— X h. 1. T^Td^; 

4me 

1 Ft ed^ 

consequently x = x h. 1. =-*^ — r. Hence, wc 

4}me F :f ^^^ 

may find v in terms of x : for Airnex = h. 1. r; „ : 

• -^ - 1* If ^* 

therefore put xv z:z the number whose h. 1. is 
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4mex. and then w z= »--3- — - ; hence, v = 



V 



F^:ed* — wF 



:fwe 
86* If the body ascend^ and v ss O. jir = x h. L 

T. ■■ the distance to which it ascends. 
F 

87. Let the body descend* Now when Fss... 

the resistance becomes equal to the accelerating force* 

F xd^ J fP 

hence, i^ = =— , and v-szd^ — , the greatest velo- 
city the body can acquire; for when the resistance 
becomes equal to the attractive force, there can be no 
further acceleratioQ. 

1 F 

88. If ^=0, X = - — X h. 1. 



89. Also (Art. 81.),^ = — = --X ^ -,; hence. 

1 V 

when the body descends. i=z x-r: , whose fluent 

2me h ' 

e 

(Art. 45.), (putting — = a*) is t = — x h. 1. 1^^ 

e Aitnae a'^-if 

+ C ; but when f = 0, v = rf, and we get = X 

AfTnae 

. h-, 1. rJ^+C; hence, C=— xh. 1. ■ j conse^ 

a— a 4maef a«^-^ 

quendy ^= xh. 1. ^h. 1. .. Hence, if we 

Aftnae a— ^ a — a 

substitute the value of i^ in terms of ;c, we shall get t in 
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terms otx. If the body ML from a state of rest, t = 

i-xh.L?±H. 



4!mae 

1 — * 
90. When the body ascends^ ^ = — - x «; — — i = 

xtn r +€t>* 

1 — "T 1 

z — X • ' » > whose fluent (Art. 46.) is ^ = 

X — M-f-C, M beings a circular arc whose radius is 

1, and tangent — ; but when tz=X),vz=zd; put there- 

a 

fore N = the arc whose tangent is' *, and we get ^ = 



X N — M. For the whole ascent, v = O, .•. M 

z&nteci 

= O ; hence, t = — — X N. « 

2in^c2 

91. If we apply these expressions to the descent of 
a globe in resisting mediums upon £he earth's sur&ce, 
then as unity represents the force of gravity, that is, 
the force when a body falls in vacuo, we must find 
the value of F when a body descends m the medium* 
Let the density of the body : the density of the me* 
dium : : n : 1 ; then if zt; = the weight of the body 
in vacuo, we have, by Hydrostatics^ xv : weight lost 
when in the fluid : : n : 1; hence, w : w— weight lost, 
or weight-in the flmd, : : n : n— 1, therefore the weight 

in the fluid =wx = (if w=l the force of gravity) 

which is the gravity of the body in the fluid, or 

Tl 

the force with which it endeavours to descend ; this 
therefore is the valile of F. Also, c = 2. 

Zbk 

92. By Art. 83. ^=5-t 5 hence (Art. 87.) «> (=s rf 
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Y — = fl) = rfy * Tll * ^ ^^ greatest velocity the 

body can acquire by falling in the flmd. Also,.fs= 

^^ X (h.L 5^211! — h.l. 2X-); and when v = a, t 

Amae \ a— v a — df 

becomes infinite ; therefore the body never can acqture 
its greatest velocity. 

93. The greatest height to which a body can as- 
cend when projected upwards, is (Art. 86.) -7— x h. 1. 






4me 



Prop. XLIII. 

To determine the resistance of a medium^ by which a 
body may describe any curve oboist a centre of forcty 
the force to the centre being given* 

94. Let Ape be the given curve, S the centre of 
force, and F the force of the body at B towards it, 
the force of gravity being unity ; draw DE perpendi- 
cular to BS, meeting the tangent BE ; and Do per- 
pendicular to BE. Put AB = 2, BS = w, BD= — w, 

A 




BE =«,'» = the velocity in the curve at B, and s = 
BQs^ the chord of the circle of curvature at B passing 
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through S, m = 16^*^ feet* Now it is well known, that 
a body, whether it moves in a resisting medium, or 
not, must fall down \s by the constant force P to 
acquire the velocity in the curve ; for the resistance 
causes no deviation from the tangent, but only retards 
the motion of the body, so that it may preserve 
its proper proportion corresponding to the forcej 
hence, by Mechanics^ v* = 4mF X ^ = 2mF* ; therc- 

Fi 4- «F 
fore TP = jn X the whole fluxion of velocity in 

V2mF* ^ 

the direction BE. But, b^ Mechanics^ the velocity V 
which the force F continuing constant for any time f, 

would generate in the direction BS, is 2mFty ••• V= 

« T7i fu . BE «\ 2F« , 

2mF^ = I because t = — = — I m X — === the 
V V vl \/2m¥s 

fluxion of the velocity in the direction BS, arising from 

die force F ; hence, BD : "Bv (: : BE=» : BD=:— zl;) 

: : J» X — ==r : m X — " the fluxi6n of velocity 
\/2mF* V2mF* 

in the direction BE arising from the force F ; 

from which if we take the whole fluxion m x 

Fs + sV , .„ . , F^ -f: *F +• 2FTi; 
, there will remain — mx ■ 

\^2mFs \/^m¥s 

which is the fluxion of velocity arising from the 
resistance, in the time that the force F would generate 

2F«i 
the fluxion of velocity m X — • ; but the fluxion 

V2»»F* 
of velocity generated or destroyed in the same time 
is as the force ; hence, the resistance : force F : : 

Fi+«F+2Fw 2Fi» ¥$+s¥ + %Vw 

mx — — :mx— sssss. = : ^p- 

V2mF* • \/2mF* 21«» 

: 1, omitting the sign — before the first term, as it on- 
ly signifies the force to be retarding. 



\ 
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95* Whto the centre S is at an infinite distance, 
and the force F becomes constant, and acts in ptraUel 

lines, then Fi^, and the resistance : force F : : -J-L; — 

: 1. But if we draw AP paraUel to BS, and PB per- 
pendicular to it, and put AP=:Xj then tltta A; hence, 

the resistance : force F : : : — : 1. Or to obtain diis 

proportion in terms of the abscissa and curve, put 
^sPB; then by Art. 54. «^=i?«+ f; and by Art. 97. 

ns— = — 5^; therefore if we suppose y constant, we 

shall have * = ; .^ ^ = :r= — *; hence, 

or or 

-HI: — = •— --TTki therefore the resistance : force F : : 
2« 2xr 

EXAMPLES. 

£x. 1. Let the curve be a parabola, and the force he 
constant J and act in lines parallel to AP. 

Put Af =AP, y =PB, then ax = y*, .*. adb = ntf^^^y 
and (jj being con3tant) ax^n.n — 1 • tf^y*; also, fc= 

lifBl^X^f^, and i^i^^l^; hence, 

-..^-s -: X — ^ T — -J the resistance. 

If n = 2, the resistance becomes = 0. 

If n be less than 2, but greater than 1, the resistance 
becomes negative ; the medium therefore must propel 
the body, not retard it. 

If n = 1, the medium becomes an infinite propelling 
one, and the body moves in a right line. 



m 
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Ex. 2* Let ABC be a quadrant of a circle, and the 
force be constant and act parallel to AO. 

Put AO = a, AP = :v, AB = 2, then BQs^sc;^-^, 

J . .1 * — ^2i? 3i? 3PB . 

and«=:— <r; hence, — r- = — ^r? = ^^ - ■= the resist- 

' 2« 2x 20B 

ance, gravity being unity. Hence, at A the resistaxice 

ssO. When dPB=:2BO, or radius : sme of AB : : 3 : 2, 

the resistance = gravity ; and at C, the resistance : 

gavity : : 3 : 2. Also, the velocity is as VBQ. 
ence, also, the resistance at BaPB. Now if we sup- 
pose the resistance to vary as the density of the me- 

A t T 




9- a 

(Uum X the square of the velocity, then the density 
varies as the resistance direcdy and square of the velo- 

pn PR ATT 

city inversely, or as g^ = pQ "^ AO * ^^^^^ *® ^^^" 

sity at B varies as the tangent of AB. All this agfees 
with what Sir I. Newton has proved in his Principia^ 
Lib. 2. Sec. 2. Pr. 10. 

Ex. 3. Let C AV be a cycloid, and the force be con-- 
stant and act perpendicular to the base CV. 

Here PQ =s f», and if AO = a, \s:=:a—x^ therefore 

A 




a'x. 



4«=— *,andi=— 2i?; also,i=— - (Art. 54. Ex. 2.) j 



X' 



i 
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hence, : — = — r— = Cbecause x: An:: An : AO 

ssa) -T-T^ the resistance, gravity being unity. Also, the 
AO 

velocity varies as VBQ. 

Ex. 4. Let the force tend to a centre S, and vary as 
w% and the curve be the logarithmic spiral. 

As P=w*, F=:nri>"""*Tb; also, ^=w, .*. s=w; hence, 

, . * xv^ + nwHb + 2v/hh n+3 w 

the resistance = • — -— —: •= --— X r- = 

2w"X; 2 % 

(as tb : ij in some constant ratio c : d) --— X -:» the 

2 a 

force tending to S being unity. 
If n = — 3, the resistance = O. 
If n+3 be negative, the medium must propel the 
body. 

«±i 

Also, t;=V2mFA=\/2iiixw * . -Now the resist- 
ance being to the force F, as -^X -; to 1, if F be 

^ a 

represented by its true value w;*, the resistance will 

become -i- x -r X tt^ ; and since the density of the 

2d * 

medium varies as the resistance directly and the square 
of the velocity inversely, the density varies as —75^11 or . 

as — • Hence, if the density of the medium vary in- 
versely as the distance, the body may describe the lo- 
garithmic spiral, whatever be the value of n ; agreeable 
to what Sir I. Newton has proved in his Principia^ 

Lib. 2. Sec. 4. Prop. 16. If n = — 2, F = — ,#)f F va- 

ries as the square of the density, as he has also proved 
in Prop. 15. 
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On the radius of CURVATURE. 

Prop. XLIV. 

To find the second fiuocion of the ordinate of a cur^e* 

96* Let PQ, BC, Or be three equidistant ordinates, 
draw QR, C£ parallel to AB, and let vCs be a tan- 
gent at C, meeting PQ, Dr in v and s ; join QC, and 




produce it to meet D* in t. Now as PB = BD, the 
increment of the abscissa is constant, therefore (Art. 3. 
Cor. 1.) PB or BD will represent the fluxion of the 
abscissa, which is also constant. Now the cotemporary 
increments of the ordinates are RC, £r ; but the trian- 
gles QRC, C£^ are similar, and QR = C£, therefore 
RC=£f ; consequently the cotemporary increments of 
the ordinates are E^, £r, and their difference is rt ; 
but as the limit of the increment or decrement of the 
ordUnate is the fluidon of the ordinate (Art. 7.), there- 
fore the limit of rf, the difference between two succes- 
sive increments of the ordinate, or the limit of the in- 
crement of the increment, will be the fluxion of the 
fluxion of the ordinate, or the second fluxion of the 
ordinate. Now as the triangles CvQ, Cst are similar, 
and QCssCf , therefore Qv=^^ ; and as Qv, sr depend 
upon the curvature of CQ, Cr, if Q and r be brought up 
to C, so as to get the measure of the curvature at C from 
each side, it is manifest that the limit of Qx; to sr must 



144. 



Radius of Curvature. 



be a ratio of equality ; hence, the limiting ratio of rs 
t at is that of equali^ ; consequently the limiting ratio 
of rt : 2rs is a ratio^ equality. Hence, if we tsJce 2rs 
in two different parts of the curve and make them van- 
ish, their limiting rauo expresses the ratio of the se* 
cond fluxions of the ordinates. Moreover, rf expresses 
the (tifference between the two successive increments 
of the ordinates, cotemporary with £r which expresses 
the difference of the two ordinates themselves ; there* 
fore by taking the limits so that the latter increment 
may become the fluxion of the ordinate, the former , 
becomes the fluxion of the fluxion of the ordinate, or 
the second fluxion of the ordinate ; hence, whilst the 
limit of r/, or 2r«, expresses the second fluxion of the 
ordinate, the limit of £r will express its first tLxaAon ; 
but (Art. 23.) the limit of £r is £« the fluxion of the 
ordinate, C£ and C^ expressing the cotemporary flux- 
ions of the abscissa and curve (Art. 27.) ; therefore the 
limits of 2rsj Cs and C£, express the cotemporary se- 
cond fluxion of the ordinate, the fluxion of the curve 
.AC, and die fiuxioa of the abscissa AB« In like man- 
ner it appears, if the curve be a spiraL 

Prop. XLV. 

To find the radius of a circle in terms ofthefiuoAoru 
of its abscissay ordinate^ and curve* 

97. Let ACrDV be a circle, O the centre, CBV 
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m 

{Perpendicular to AD, 6r« parallel to CB, Cs a tangent 
at C, andjoin rC, rV. Put AB = ^c, BC = y, AC = 
5j, and Od = a, then Cs = «, CE = ir, E* =y. Now 
the trismgles Crs^ CYr are similar, for the angle «rC= 
alter, ang. rCV, and the angle «Cr= angle CVr in the 
alternate segment ; hence, srjrCiirC: CV=2CB ) 
but by Art. 23. it appears that the limiting' ratio of rC 
: «C is a ratio of equality ; therefore the limiting' ratio 
of sr : rC is sr : «C, or (Art. 96.) — j^y : «, the sign 
— - being prefixed, for the reason in Art. 78. the curve 
being concave to the axis ; hence, — ^jf i x : : z 2 

2BC, .'. BC=: — ni^d by similar triangles CE«,CB09 
a? : « : : : CO = — r-^, i? being constant. If AJb 

—9 —^9 

be perpendicular to AO, and bC to Ab ; then con- 
sidering Ab as the abscissa and ^C the ordinate, we 

have, for the same reason, CO = -n:, 1/ being constant, 

yx 

and X positive (Art. 78.), the curve being convex to 

the axis. Lastly, by similar triangles OBC, C£^, x : 

« : 2 y : r = 2-, and if we make x constant, ^e have 

X 

y^ — y^^ ^Q hence, y=-:r; and by the same 

x^ "i 0? 

(xu\ tix ^, 

-^1 : r=^. Thus we get 

the radius under three circumstances, when x is con-^ 
stant, when £/ is constant, and when x is constant. 

DEFUVITlOM 

' 98. Let ACW be any curve, AB the abscissa, BC 
the ordinate, Cs a tangent at C, and let O be the centre 
of a circle touching the curve in C, and draw OB' 
parallel to AB, and DbErts parallel to BC, cutting 
the curve in t and the circle in r ; then if, by bringing 



146 Baditu of Girvature. 

Di up to BC, the limting ratio of «r : «t be a ratio of 




equality, the circle is aaid to be a circle of curvature tt 
the curve. 

Peop. XL VI. 

Tojind the radiu* OC of the circle of curvature ta 
the curve AC at the faint C. 

99. Whether we regard the curve AC or the circle, 
CE, £«, Cs will be the first Suxions of the abscissa, 
ordinate, and curve ; for (Art. 23.) these fluxions de- 
pend entirely upon the position of the tangent, which 
IS common to both; andbytfie Def.(Art.98.Jthe/unir- 
hiff ratio of sr : st being a ratio of equality, the second 
fluxions of the ordinates are equal (Art. 96.) ; heoce, 
the second fluxion of the ordinate is the same, whether 
we regard the curve or circle. Nowinthecirct,ifjr,y, 
and Z represent the abscissa, ordinate, and curve, CO 

= — — (Art. 9?0, X being constant ; hence, in the 

— ^y 

curve AW, if »■, y, and z r^resent the abscissa AB, 
ordinate BC, and ciuve AC, the radius of curvature 



CO = - 



For the same reason, CO = — , when 



~xg 
i} is constant ; and CO = ^, when » 
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- When we m^ke x^ e/, or % constant, it will simplify 
tiie operation, if we substitute unity for them* 

EXAMPLES. 

Ex. 1. Let AC he the common parabola; to find the 

radius of curvature. 

11 1 _ 1 

Here ax =s y», .% y = cfx^^ and j^= \pfx , x being 

constant, and s=l; hence, y =— ^'a? *«=— — -.; also, 

« = \/^^+^ = ^1+ ^ = l^^i^ J therefore CO= 
£3 4;c + a"^ 



When 5f = 0, CO = |^x, the radius of curvature at 
the vertex. 

Ex. 2. Let it be the logarithmic curve ; to find the 
radius of curvature. 

By Art. 44. 2^=— = (if db be supposed constant and 

m 

=1) ^, ... ^= 1., and -a;^ i. = ^ ; also, i =: 

VP+^= Jl+^ ==2!±^5 hence, CO« -^^ 

-,3 

, which being negadve, shows that the centre 

O lies on the odier side of the curve, the curve being 
concave the other way. 
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To FIND THE RADIUS OF CURVATURE to 
SPIRALS. 

100. Let CO be the radius of the circle of curva- 
ture to the spiral SCZ at C, and draw Strs meeting 
the tangent YC in <; then by the DeGnitioo [Art.98.), 
the limiting rauo ofsr : j( is a ratio of equali^; con- 
sequently rt ultimately vanishes in respect to ar or tt. 
Hence, the tangents ry, tt/ will ultimately form inAi 




each other an angle which becomes evanescent in re- 
spcct to the angle formed by the tangents ry and aCY j 
therefore, ultimately, the difference zy' of the perpen- 
'diculars upon the tangents at r and t becomes evanes- . 
cent in respect to the difference between SY and Sy ; 
consequently the iimit of the ratios of Sy and Sy' to 
SY, must he the same ; but the difference between SY 
and Sy', SY and Sy, or the increment of SY in each 
case, is ultimately the fluxion of SY in each case ; 
hence, the fluxion of the perpendicular to a tangent to 
the curve, and to the circle of curvature^ is the aaax. 
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> 

Prop. XL VII. 

To find the radius OC of the circle of curvature to 
the spiral at point C. 

101. Put SC=^, draw SK perpendicular to CO, and 
let SY=CK=t;, CO = r ; and considering the point C 
as describing the circle, the points S and O being 
fixed, SO is constant; now OS« = OC» + CS» — 20C 
X CK = r* + y*— 2rt>, whose fluxion therefore is =: O, 

or 2ytf — 2rv = O, r being constant ; hence, r = W» 

V 

Now if we consider y and v in reference to the spiral 
instead of the circle, i^, or «£, will be the same for 
each, by Art. 31. because sE depends only upon the 
position of the tangent ; and ( Att. 100.) v is the same 
for the c>rcle and spiral ; hence, if we consider the point 

C as describing the spiral, we shall still have r = ^ 
Con By similar triangles, y : v :: M^ (CL) : 

cv=^. 

T 

EXAMPLES. 

£x. 1. Let it be the logarithmic spiral; to fmd the 
radius of curvature. 

Here ywwm : w, a constant ratio; hence, v= ^, 
«nd* = "|; therefore CO = yj;x„^ = 2li. 

Hence, the chord CV of the circle of curvature 

2pz/ cr» 

passing through S, = ^ = 2y = 2SC. 

Ex. 2. Let it be the spiral of Archimedes ; to find 
the radius of curvature. 

By Art. 32. v = ■ 1 — ; hence, vzzflyyXy^+t* I 



1? 
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■ • y ^ - f^=z ^ ^ ^i therefore CO = yi/ X 



F+n 



f2 + t^li 



y^g+2t^yy i/*+2<»* 

102« The same expression for the radius of curva- 
ture will do for all curves, where the relation between 
SY and SC is known. 

For example, let the curve be a parabola^ S the fo* 
CU8, and a = ^ of the principal latus rectum ; thent/=: 

V* 1 2 «* ' Sir** , ^^ yy 2rfi 

—, and j/2 = -.,.•. i^y =;-— f hence, CO = ^ = -~. 

Also,.CV = ?!?^:s4y = 4CS. 
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On logarithms. 



Prop. XLVIII. 



KTlVENa number^ to find its logarithm. 

103. Let 1 + AT be the number, y its logarithm, 
and m the modulus ; then (Art. 44.) y = = 

mxx — ;va? + x ^dc — jg^i? + &c. hence, by tak ing the 

fluents, yz^mxx — \o(^ + \o(^ — ^ + &c. which 
wants no correction, because when x=^0, y vanishes 
as it ought, for then the number becomes 1, whose 
log. = O. Now this series will cPHvcrge quicker th e 

smaller ;v is. If ;i^=l, y = m X 1^ — i+i — J + &c.= 
the log. of 2. If OT = 1, y = 1 — I + -I— &c. the h. 1* 
of 2. Hence, as we are at liberty to assume m what 
we please, we may, to the same number, have as many 
different systems of logarithms as we please. 

104. But to find a series which shall converge 

1 + ^ 
quicker, let the given number be ; then (Art. 44.) 



X 



1/ = 2m X = 2m X a? + x^ds + x^x + &c. whose 

•^ 1 — X* 

fluent is y = 2m x x +:^x^+^ + &c. If m=l, we 

get z/ = 2 X X + ^x^ + ^ + &c. for the hyp. log. of 

1 -^x 

, . Let 5r = i, and then the number becomes 2 ; 

1 — .V ' * 
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hence, 

X = 0,33333333 
^x^ == 1234567 
|;c« = 8230r 

^xf ^ 6532 

!*•• = 564 



0,34657354 
2 



This h* 1. of 2 is true to 6 

places ; the true value to f 

places being 0,6931472 ; 

^ Af" = 51 ! and it would have required 

at least 100000 terms of the 
series in Art. 103. to have 
given the value with the same 
degree of accuracy. 
0,69314708 

■ 

105. The common log. of 2 is 0,3010300. . Now 
these different values depend on the different values of 
m, and in the former case m =: 1 ; hence, 0,6931472 : 
0,3010300 : : 1 : m in the latter case = ,43429448 the 
modulus of the common system. . Hence, if any com- 
mon log. be divided by this modulus, it gives the cor- 
responding hyp. log. Or if any hyp. log. be multiplied 
by It, it gives the corresponding common logarithm. 
For the various methods which have been invented to 
calculate logarithms, the reader is referred to Dr* 
Button's very excellent Introduction to his Tables 
of Logarithms, and to Mr. Maseres's Scriptores Lo^ 
garithmici. 

106. By Art. 42. a set of quantities A^, A.\ A% A*, 
A^, &c. in geometric progression will have their lo- 
garithms in arithmetic progression ; hence, the indices 
0, 1, 2, 3, 4, &c. may represent the respective loga- 
rithms. Now in the common system of logaridmis, 
A = 10 ; hence, the logarithms of 10®, 10% 10*, 10*, 
10*, &c. or of 1, 10, 100, 1000, 10000, &c. are 0, 
1, 2, 3, 4, &c. And if between 10° and 10% we in- 
sert an indefinite number of geon^etric means, as 10^, 
10^", 10^", &C. n being indefinitely small, then some of 
these means must necessarily make up all the inter- 
mediate numbers between 1 and 10, as 2, 3, 4^5, 6, 
7, 8, 9, or at least be indefinitely near to them f the 
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indices therefore of such means must be the logarithms 
of these numbers ; for instance, if 1(7" =2, then r«= 
log. of 2 ; if 10^8=7, then «n«=log. of 7 ; and So for any 
other number. 

DEFIJ^ITIOX. 

107. The measure of a ratio 1 : N is the number of 
times which any other assumed ratio 1 : A must be 
taken to make ihat ratio. Thus, if Ns= A^, the mea- 
sure of the ratio of- 1 : A^ is 2, that ratio containing 2 
ratios of 1 : A. 

108. The ratio of 1 : A^ 1 : A^ 1 : A^ &c. contain 
2, 3, 4, &c. ratios of 1 : A ; hence, the indices of A ex- 
press the number of ratios of 1 : A which that ratio 
contains; ioir instance, 1 : A^ contains 4 ratios of 1 : 
A ; hence, 4 is the measure of the ratio 1 : A^ ; also, 
the measiu'e of the ratio of 1 : A"* is m, that ratio con- 
taining m ratios of 1 : A. Now if we put A = 1 0, then 
the measure of the ratio of 1 : 10^ is m ; but by article 
106, m is the logarithm of 10^ ; hence, the logarithm 
of any number is the measure of the ratio of tl^t num- 
ber to unity. In this sense, logarithms are called the 
measures of ratios, the logarithm of any number N 
showing how many ratios of 1 : 10 are necessary to 
make the ratio of 1 : N. 

Hence, every ratio 1 : N has some certain measure 
in every system ; now that ratio whose measure is m^ 
the modulus of the system, is called the Modular Ratio 
by Mr. Cotes. 

109f If ;c=t/*, then by taking the logarithms of both 
sides iXrig. Art. 6), log. x=^n X log. y ; hence, if we 
have any equation of this fonn, log. x = n x log. y, 
then will ;c=t/*. If t/ be constant and n variable, the 
curve denoted by this equation is called the iog'a' 
r'Uhmic curve. 

X 
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LEMMA. 

+B+* X x+C-^ X x^ +D+rfx :Jf3 + &c. = O, what- 
ever be the value of x ; then must A+fl=50, B+^aO, 
C-f^80, &c. For as we may take x of any value, let 
y—O , and then A-ffl=cO ; hence, the renuuning part, 

B+A X X +C+C Xy*+ D+ rf X oc^+ &c.=0, and divid- 
ing by x^ B+A +C+C X X + D+rfx ;c*-f-&c.=0 9 let or 



=0, aqd then B-f^sQ ; and thus'we may proceed for 
all the coefficients. Or we may consider it thus : The 
equation cannot become » 0, but when its roots are 
fiiibstituted for x ; the equation therefore cannot vamsh 
for eoery value of x you may assume, unless you make 
each term vanish, independent of x^ by making each 
coefficient &= 0. 

Prop. XLIX. 

Given a logarithm^ to find its number. 

111. Let 1-f^be any number and y its logarithm, 

m 

then i/^r-r- ; hence, y+xt/==mXf and y+xy — mdcssO. 

Assume x^ay+ by^ + q/^ + &c. then dc=ay+ 2byy+ 
3c^J/+ &c. substitute these values of x and x into y+ 
af<^— i?ii?=0, and we have, 

^may—^mbyy—Zmcy^y^ &c. J "" " ' "^^^^' ^^"* 
110.) 1 — ma^Oy a — 2/ni=sO, A — 3wc=0, &c. there- 

f l.al b I <t 

lore a = — 5 ^ = -— ^ — - ; c = — = r; &c. 

;?i 2m 2m» 3m 2.3ffi^ 

hence, x^^ + -^- + ^ \ ^ + &c. consequendy 1+ 
m 2m^ 2.3m^ ^ ^ 

.v=l+^ + -^ ^ ^— - + &c. the number whose 

logarithm is y. 
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Ifm=l,thcnl+;tf=:l +v + ^+^ + &c. is thfe 
number whose h. 1. is y* 

9 

Prop. L. 

To jind the modular ratio* 

112. By Art. 108. every logarithm is the measure of 
the ratio of its corresponding number to 1 ; hence, y 

is the measure of the ratio of 1 + ~ + -^ + ^ 



m 2m* .2 • 3tn^ 
+ See. to 1 ; now (Art. 108.) the modular ratio is that 
ratio of which the modulus is the measure ; hence, 
if we make m » t/, m will become the measure of the 
above ratio, and the ratio will become the modular 
ratio ; making therefore m s=yy the ratio becomes 

1+1 44'! — r + &c* ^o 1 ^of ^^ modular' ratio, which 

is therefore the same for every system, it being inde*' 
pendent b€)th of m and y. 
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Ok the fluxions of EXPONENTIALS. 



DRFimTIOK, 

113. A QUANTITY is called an tf;>«:/(7«r»tifl4 
XJL when its index is variable* 

PnoF. LL 

To jindthe fiioAon ofxfm 

114. Put ^y = z, and letXs:h.L;^, ZsluLs;; 
then by the nature of logarithms, ^X=Z, Aerefore tA 

+Xj^= Z ; but by Art. 45. X=— , and Z=— ; hence, 

• • • 

tL -f- Xy = — , consequently % = -5: — j. zXi/zz yx^^x 

+yLxyy. 

If ;c be constant, then 07=0, and 2jz=XxVy. 

\iy be constant, «/=0, and «=t/:c«'^a?, as in Art. 11. 

Prop, LII. • 

To find the fluxion of xy*. 

115. Put ;eJ'* = w, and let o^ :=iv^ then T;* = tt;; 
hence, if V = h. 1. x^, we have (Art. 114.) ti; = 2P*~*'D 
+ Vx;*iJ ; but t^ = a^, and -» = yy y^'i? + Xjc^y ; hence, 

by substitution, xv = 2Ar!^*Xy3e!'*^a? + X;vJ'e/+V;cy'« 



» 
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one of the quantities x^ t/y z become constant, its 
fluxion s= O, and ibe term vanishes where that fluxion 
enters. In like maimer, we may find the fluxion, 
whatever be die number of quantities* The meaning 
of this notation is, die z power of acv, not the t^ power 
of X. If this latter had been the meaning of die nota- 
tion, we must have pqt ^ = v» instead of ^ za v. 



«^»»»<% ^ V»^^^A^»%^>% 



On the fluents or QUANTITIES. 



Pbop. LIII. 



To find thejluent of- — - *. F, 

116. Put a" Bs *», 2» =: «•, then zi" = x^ .: -|- x 
gjn-iji-sir, and a*^»ai«» — X*i hence, F=— x^q^ 

= ^^^' consequently (Art. 46.) F « ^ X 
cir. arc, whose rad. « by tan* = x* 

Prop. LIV. 

Tafindthefiuentof^ — ^='^. 

2 at t 

117. By tihe same substitution, F= — x t: — s=-t 

n trmmmx* no 
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Prop. LV. 

Let F M, ^ ^ tofftd F. 
VdP + z* 

118. By the same substitution, F= — x 



n VF+«* 



hence (Art. 45.), F = — xh.L*+v'4*+«*. 



Prop. LVI. 
Xft F = -4=^, ^ojfnrf F. 

119. By the same substitution, F b x 



= _ X ; hence (Art. 46.), F = -^ X cir. 

rib \/» — x^ nb 

arc, rad* « &, sine = :r« 

Prop. LVII. 

Let F= ^ - 3 ^^/fu/ F. 

Voz* 4- ^z 4- c 

120. F= -=rX — =— ■ ; put2+— = y, 
Va V2«+*X2+i. 2a 

a a 

then 2* -I — ^2+-— _=ar; hence, 2^-1 — 2+' ■ = . v '— -- ^ 

a Aicr a a Axj? 

c c l^ 
-f— = (by putting — :=uP) »^+(P; also, ««*; 

Id? 1 

hence, F = —= K - ; and (Art. 45.) F= -. 

xh.l.Ar+V;«» + A 
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Prop. LVIII. 
Let F = "^"^^ to find F. 

121, Put CJf^ssz, then ;«»-*a?= —xi; ; also, ;^»=2:« ; 

n 

1 i • 

hence, F= — X =i, whose fluent is riven 

n Vasf + bz + c ^ 

in the last article* 

Prop. LIX. 

^ i^fF=r-^==^=,f^/m/F., 

A h r 

122. Let a;= —+2, then 2«+-2+— =(by Prop. 57.) 

2a a a 

T^r+l , T""lr 

a?+d^; aIso,2''+*=^f — -^ f , and 2''A=;v f xx; 

' 2fll 2al 




a:—— { xa? 
1 2a I 



hence F=— =r x — , ; expand the numerator, 

Va y/ofi + (^ ' 

and taUng the terms separately, the fluents of those 

terms where the index of x in the numerator is odd 

are found by Art. 41. ; and where they are even by 

Art. 12r. 

Prop. LX. 



123. Put «« = y, then :v^=y^, and 9f^}X'=ztU ; 

hence, F = i— x ^ ^ =., whose fluent is found 
by Propb 59. 
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Prop. LXI. 
Let ¥ = ^ , to find F. 

124. Assume v = ^ Aen (Art. 45.) os=h. L 




X + Va* + ** ; put n; s= V a*;c* + x^j then ti; «= 
' = + = o^r + 2F ; hence, 

F=jTl>-4a»r, and F=|«;— Ja«v. Call this P. 

Prop. LXII. • 

125. Assume 'vss — ■ ^ then (Art. 46.) if =s 

cir. arc, rad. = Uy sin. =« x ; put wc= Va^^ — ;c*, then 

Tw= — '■ — ' — == ===1 =ar — 2r j 

hence, t^^ccb — \Wy and F ^\av — Iw. CaH this Q. 

Prop. LXIII. 

Let F = , fo find F. 



126. Assume v = Va*;c®-fvV«, then r = 

I = -:=5==r- + — == = (Art. 124.) 

V(^x/^+x* \/(^+x^ Vc^+x^ 

3flaP + 4F; hence, F= ^r— — P, and F = Jv ~ 



Muem^QuM^ei, 1«1 



Prop. LXIV. 
Let F- \ ^ , to find F. 

127. Assume t7=vii?A:* — ;c8, Aen *=s — -=z=z=r- 

(Art. 125.) 3a»Q — 4F I 



hence, F= Sf^Q — i*, and F« ^'q — ^i;. 
4 4 

In this manner you may continue the fluents wheK 

the numerators are x^dbyX^dC j ap^^db^ &c. by as sunung 

v= s^fl^.x^^ ±x^^^ y/a^x^^ ± x^^^ \/a^x^^ ± x^<^^ &c. re- 
spectively, and by taking the fluxion, you will, in like 
jnanner, get v in terms of the given fluxion and of the 
next inferior fluxion. 



Piiop* LXV. 

Let F =* x^dcX^a^ ± :v*^ n being an even nuifiber^ to 
fnd¥. 

128. Multiply and divide the fluxion by Va«±jc*i 

and F = . . • — ^ ; hence, as the indices of 

y/a^ ± X* 
X in the numerator are evert numbers, the fluents of 

r, and — s=^=z=s, may each be found, by the 



s/a^ ± x^ \/a*± x^ 

method directed in die last article^ 

If n be an odd number, F may b^ fbund by Art. 41 * 

Prop. LXVL 

Let J" ^x>^2ax — od^^ tojtnd F. 

129. Let the radius AO=:a, APa=A^ then the sine 

PM = y^^ax — xK therefore F » x'^^ax^'^ =; 

Y 
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(Art. 49.) the fluxion of the area AMP ; hence, F 




T 
die area APM. 

Prop. LXVII. 



Let F=«yiV2ax^— A^, to find F. 

130. Assume rv^x^Utx — x* |% then w^s^ax^xA 
X \/ 2fly — y * « airy2a:v — ar* — F ; hence, F = 
mx^2ax — *•— w, and F»>axarea APM — w. 

Prop. LXVIII. 

Let F=: , to find V. 

V2aaf — ;e* 



131. Assume w=: v^2ar—naf*, then w: 



ax — XX 



s^2ax — ** 

ade XX ax -h \^ 

— r ; hence. 



\/2ax — 0^ y/^ax — o^ v^2fl«p — «* 

4 ax 

F= _= =— ^w, and (Art. 46.) F = 2 — w, z 
v2a;c — x* 

being a cir. arc, rad. = a, versed sine = at. 

Prop. LXIX. 

LetF^A--,tofnd¥. 

132. Divide the num. by the den. till the index of x 
in the remainder = 0, and the remainder will then be 

o^i? ; hence, F=;c'^*i?+afA^'"*i?+«*A:''*-^ir + &c. +a^ 

X ; therefore (Art. 37. and 45.) F = — + 

X ^^a ^ m 

T H + Scc+a'^xh. 1. x^^a. Here m must 

w — 1 m— '2 



Fluents of Quantities. 



163 



be a whole poutive number, otherwise the index of 9c 
cannot become a o. If the denominator be x^+Cy iht 
terms will be alternately + and »-^ 



Prop. LXX* 



Let¥ 



^rm-l;^ 



—^.toJlTidF. 






X 



r «-l 



I I 

X X 



^• 



N 



»• 



«• 
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«oadime ihii dmnon till die index of s ia tbor n» 
siainder becoi»es lii-— l^and Ae remainiter viH hm 

±^,X «""*» ; hence, F = —. X z'***-*""*** — s" ^ 



ii+&c.±r — ; X 1 — : — ; now the last term = 
± H^^ ^^ ^ ; hence (Art. S7. and 45.), F = -r- 



fir griw-am , ^fwl 



— TT ^ h&c. ±— 7- xh, 1. a+fe**. 

Here, r must be a whole positive number, otherwise 
the index of z can never become nu^^t. 

1 K L M ^ 

to find K, L, M, Sx« ^here a, A, c, &c* are the roots of 

134. Reduce the fra|ctk)ns to a common denomina-!* 
tor, and it will be the same as the denominator on the 
left, and con seque ndy the sum of the numerators = 1 ; 

hence, K X ar — S x ck — c x &c. + L X x — a x x^ — c 

X &C.+ M X X — a X A*— ^ X &Cf -|-&c«=?l ; now as this 
is true let x be what it will, make x^a^ and then K x 

tfr— ^ X a — c X &c. = 1, ;•. K = 



a-^b X a — c X &c.' 

Make x^b^ and then L x b — a x b—c x &c. = 1, .% 

^ ""^ • In like manner we get the 

b — arxZ^,^x&c. 
Other numerators. 
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dktn in the same manner k ^pp«iKm» that K is j, / ^ ■ 
and h = -T — TT— 

Prop. LXXL 

^' ^= :^-^^'+&c ^ ^^ /nrf F, m *rii^g- a^A^& 
pQsttiue numier. 

135. Let — i,, . =-^ + -^ + &c. 

then Ki Lf &c. are known by the last artick ; hence, 

s — ^ — ss 1 + &c. Now (Art. 

^» — •/>»^~*+&c. x^ — a X — o 

132.) the fluent of Hf^is K^ ^ K^ + &d. + 

Ko^ X h. L Av— a ; In tike manner, the fluents of aU the 
Other quantities are found, the sum of all which is F. 

Now the sum of all th^se quantities = K+L+&C. x 

— + Ko+JU+Ac. X + &c. + Ka*" X h. 1. ;t>-a 

m _____ wi— 1 

+ L^ X h, I. X- — b + &c. But by Dr. Waking's 

Med. Alg. last edit, in the Addenda^ K + 1, + &c.=0 ; 

Ka+L^-f&caBO ; &c. through all those terms, when 

m is kss than n \ in t his ca se therefore F^Ka*" x h.'l, 

y — a + Xsb^ X h. 1. oc-^ + &c. If m be equal to or 
greater than n^ the coefficients of the first /z— -1 terms 
will l)ecome=0. 

1 36. If m be less than 72, the quantity — j — ,^ ^ ■ 

maybe resolved into 1 ? A h&c.forin 

•^ X — a X — X — c 

this case K x x — ix x — cx&c+ll X x — a x ;cv— c x 
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&€•+&€• = ^ ; hence, if x-asa, K=< 



a — h X a — cx&c. 

S8st== — ss= ; &c. The reason why 

b — a X i^— c X &c 

/ 
m must be less than n is this : The quantity K X 



X — h X X — c X &c.-f L X X — a X x — c X &c.+&c« — 
sf^^sO \ and that this may be always true, the coeffi- 
cients of the like powersof ;i^ must be assumedasOC Art. 
110.), and by such an assumption you would deduce 

the same values of K, jL, &c« as above. Now the pro- 
duct of each of the quantities into which K, L, &c* are 
multiplied, is of n— -1 dimensions in terms of x^ there 
being n — 1 factors ; hence, if m be greater than n— 1, 
there is only one term in which x* is of m dimensions, 
therefore this term can never be made to vanish, gene* 
rally with the rest. But if m be equal to or less than 
n — 1, then this term a*»» will-come in with others hav- 
ing the same power) and the whole coefficient may be 
made^^O. 

But the denominators may be otherwise expressed ; 

for as X — a x x — h x &c.=;c*» — pxf^^ + &c. by taking 
the flux ion w e have a? x x — b x x — c X & c. + a? X 
x—a X X — c X &c.+&c.^n;c»-*i? — n — 1 .pod^^x-^- 



&c . hen ce, if af=»a, we have o^^ x a— c x fec^wa**"* 
— n — l./y fl^^+ Scc. If *•«*, then b — a X ^— c X&c. 
«xn^-i — n — l./>6"~* + &c. and so on for the rest; 
hence, take the fluxion of the given equation, omitting 
d?, and write a, ^, c, &c. for x^ and we get the denomi- 
nators. 

Hence, when m is less than ;i, the fluent of 

r-i—T is Kxh. 1. ;c— 4i-f-Lxh. L x — b + &C. 

which agrees with the conclusion in Art* 135. because 

K«Ka% L«L4^, &c. 



JLet-5 — = » •+": !• thcnredu- 
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137. If two roots g, ^, be eq uals one of the quantities 

must have a quadratic divisor x^r^a • For example : 
1 Lx + M N 

;i:^ — px^+qx — r x-^a * -^ c 
cing the two quantities on the right to the same 
denominator, and making the numerators equal, we 
get L.x^ — 1.CX + Mx — Mc + iJx^ — 2'Sax + 
Na* — 1=0; hence (Art. 1 10,), making L + N = 0, 
M — Lc — 2Naa 0, — Mc + Na* — 1= 0, we feavt^ 

T XT Ttvr Na* — 1 - Na« — 1 , 
I. = -^ N, M = ; consequently + 

Nc— 2Na=0: therefore N— -; L= — ~; M 

a^* —c—a']* 

= ■ ■ Hence, the fluent of , or 

a — c\ x^-^px^+qx — r 

_— =?— ^ may be thus found. Put x — a 

x — ay x — c 

= 2, then x:szz + a, and a; = ;9 ; hence, — .1^2 

x—a I 

Lzi; + Lai; + Mi; ,.^ .. , „ .. Lz , ^i; 
= ^> =(if Lfl + M = A) -+-,1 

whose fluent (Art. 45. and 37. ) isLxh. Lz = 

z 

L X h. 1. jc— a ; and the fluent of is Nx 

;!:— a jf— c 



h. 1. ;c — c. 

138. If two of the roots be impossible, those two 
binomial fractions must be incorporated into one. Thus, 

- 1 L M N , 

let -r ' — = 4 r -f , and sup- 

xr — pyr-^^qoO"^ x — a x — h x — c 

L M 

pose a and h to fee impossible ; then + 7 = 

^ X — ax — b 
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L + MXAf — L^ + Ma J . . ... 
JL-: — , and the impossible quantitiei 

x^~^a + b X x + ab 
vanish, as will appear by substituting m-f-itV*— 4 for % 
and m — nS^^^'t^^. 

» ■ • 

^ ' Prop. LXXII. 

139. Pat X — 1)> s z, then x^s, z + ^p^ and i?=s i • 
hence, dx a= ^/ i, and cari? « czi + \pc%^ ••. c;ci? + dS: 

z=cz%+^pc+dx^'^(}fipc+d = e)cz% + ez; also, 
;k^ — px^f^:=zz^; hence, ;c*—/>j:^+y=2'-ff — 1/^ = 
(if ^ — ^^»=a*) 2* db a*, according as a* is positive or 
negative, or according as the two values of x are im- 
possible or possible. Hence, F « — s-t—t- = -3 — -z 

^^ . Now (Art. 45.) the fluent of -^^ is 



z*±a* " ' 2*:ta 



rs e 



Ic X h. 1. 2» ± a«. Also, taking + fl*, = ^ X 

2* + a* a* 



fl'ii , « . , A . . ^ % . ^ 



-, whose fluent (Art. 46.) is -- X cir. arc, rad# 
z^+d* or 

r= a, tan. = 2. But taking — a', — =» — x 

-, whose fluent (Art. 45.) is — x h. U 



2> — 12* ^ ^ 2a 2 4-a' 

call the fluent of this second part B, and F » }cx h. L 

2^±a* + B. Call this fluent Q. 

Prop. LXXIII. • 

Let F« 1-i , tofndF. 

x^ — px -f y 

140. If the roots oi x^*-^px+q^O be both possible, 
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1 K . L 
then (Art. 134k) resolve into '-L ; 

aii4 FsB *| ,. whose fluents are found by 

Art. 135. But if the roots be im(ptfksible» divide od^ds 
by jtf* --^px +q until the remainder becoines cxsk-^^y 
c amd d being put for the coefficients which arise from 
die division, and let the quotient be x^'-*A + qof^x 

+ ix*»»-^i?+&c where «=/», b^p^ — q &c.; hence", Fas 

:f^^x + atf"*^i? + J:c'**^a? + &c. H I!--r-*» conse- 

x^^^X'+q 

quently ( ArU 37. and 139.) F= ''■;^^ + — ;;^ + - 

4- &c. + Q. 

If m = 2, then F s= ;c + Q. 

If m = 3, then F^^x^ + ax + Gi. 

If m == 4, then F=z^x^+:^x^ + bx + Gi. 

Prop. LXXIV. 
Let F=s ^"^ , «(? >?nrf F. 

141. Put a:= — =2rS thenjv'^^'ssssr-^"'"!, and ;f'""*i? 

2 

=r — 5:-«»aj ; hence, F = = — - 

1 /? 1—px+qx^ 



a?2 X '^^ 



1 A:***i? 



- = (ifi.=y',£=y)-lx 



a 1 px , ^ 

f -„ which is the same as the last form. 



^2 pX-^ 

Paop. LXXV. 

Ltt F=3 — -^77—, to>i</ F. 

Z 
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142- First, F-JL X — :^=r (putting dk«^); 



put z^^ssy, and then z*^ x*; also, — =^5-— ss 
' |nx— > ••• —X— = — ; hence, F= — — x 



z n X z fiy/-^ xy/d^j^ 

= — 1=X — ^=r; and (Art. 45.) F = — ^ 

X h. 1 ^ . If * be negative, F =5 



\/rf* + ;v» + rf wv'c 

X 2 ^i? , * 

=: = X — , and (Art. 46.) 



F s: = X cir. arc, rad. = d^ secant = x. 

nd!^c 

Prop. LXXVI. 

let F = — — , to find F. 

fl* c^iit 1 
143. Put afts — , then 0?= ^\ hence, jXa?= 

±; therefare F— -i K ^=4==- » x.!^=; 

hence (Ai* 39.), F= — ^ xV^-«+a^. 

Prop. LXXVII. 



i(rf F=: ■ ^— , to find F. 

144. Put a:sx:%/c* — 2*, then 2*=c2 — a2, therefore 
2is=— ;tf*, and V^ + 2^= v^^^ ^ ^^ — x2=(if cfi^b^ 

+c*) Va* — ^ ; hence, F = — dVo^^^. Now let 
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AN be a circular arc whose centre is O, (Sec Fig. p. 
162.) and PM be perpendicular to AO, and put a=» 

OA, ;c«=OP, then PM-^Vo*— a^ ; hence, F « — Ac: 
fluxion of the area OPMN (Art. 49.), consequently F 
« — area OPMN. 

Prop. LXXVIII. 
Lei F=» !?!l!£_=, tofnd F. 

145. Put >/e+fa^ =s x^ then 2* « _-2 and 5" + 

=^,-v= *)« + *^ ; also, n2«""*«=2*x;ifa?, and z*^ 

s= — X ;va? ; hence, F = == , whose fluent is 

found by Art. 45 or 46, according as a and b have dif- 
ferent or the same signs. 

Prop. LXXIX. 




Let F ^sJ-^^i-^ X2»-»i, (Ufnrf F. 
146. Put Vj+Az" => «, then z" = 1- T^ , and * ->• 

n ^ h h \ h 

f \ 2b 

^) ^ — * )a+A;c* ; also, z'^'^%^ _ x :ci? ; hence, F=a 
A / n 

2J 

— X S/a+bx^ X 5r, whose fluent is found by Art: 46. 

when b is negative and a positive; but by Art. 45. whca 
i is positive and a cither positive or negative. 
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Prop. LXXX. 

W/i^ rphole positive numbers. 

U7. By Art. 134. ^--fT^—-^ ^ J^^ 

+ — rrm w^^crc K and L arc known: and the 
fluents are found by Prop. 70j 



Prop. LXXXI. 



Let F ^7+fi?T X ^+/i2"7 X 2«^y?, to find F, 
where s is a whole positive number^ and r half any 
whole positive number. 

148. Put »=if +^", then z»=» —7- ; Az"»=-^x 



5-+A2»=^+ y X »— tf==5-_ ~ + _ X v— (if </=^ 

X f—^l*"* -r ; 2'»-*i;«i -— X x;— el*"^* ; hence, by 

— r-]r 1 ^ 

substitution we get Fest^^^x^+^v.' X^Xv— r J*"**; 

and by expanding d+^ andv — ^|*~*> and actual- 
ly multiplying each term into v^i^ th en wh en r 
is the half of an odd number (as t+l\d+^vi «= 






/ 



Xyrf+-Tr^» expand ^+-j:v I , and the fluent 



\ 

I 
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can be found by Art. 39 or 41. But when r is 

— H — I*" 
the half of an even number expand ^ .f- — v | , and then 

the fluent of each term may be found by Art* 37* ex> 
cept m be negative, such that one of the terms be bf the 

form ^, in which case the fluent of that term is found 
•u 

by Art. 45. 

If r SB — |, and m a positive whole number, the 
fluent may be found by Art. 41. And if m = — 1, 
then the fluent may be found by Art. 41* except for one 
term in the series thence arising, whose fluent is found 

by Prop* 75* it being of the form 



vsjd+ 



h 
T 



Prop. LXXXII. 



LetV J^ ^'^^ Xdc.to fndV. 

149. Multipl y the n um. and den* by Vg-f&jf^, and 

• a+bx^xdb cub 

we ffet F a= ■ , = === + 

c+dx* X Va+bx^ c+dx/^ X ^a+bx^ 

But the Jirst of these terms = 



assssssssz , ; and in the second term, by 

d^+c»r* X ^/b+axr^ 

J. . . bo^ds b . be A 1^ ^f 

division — r^ =» -T X a? r X T-^ — ; hence, the SC'^ 

c+fl&c* d d d^+c 

J b X be X 
cond termox^ X — X i . , 

d %^a+bs(^ d c+dx* x ^^a+bif 

be sf^ds iJ 

and the last term of thissss «. -" — - ; 

,rf rf»+c;v-»xv«+a*^* 



■^ 
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hence, F=— x , ^ + [a J x 

. , I ; and the fluent of the first of 

these terms is found by Art. 45. or 46, according to the 
signs of a and ^, and of the second by Prop. 81 • 

LEMMA. 

1 H 1^ 

To resolve .^ :=r: into . + 



x+a\ 



x+bY x+blr'^^+b\^^ 
&c* continued to m and n quantities respectively. 

150. Reduce the fractions to a common denomi- 
nator, and make the numerators on each side equal, 

and (A) H xx+b^ '+Kx x+V" x x+a+1. x 'x+V'x 

x+a + &C.+P X x+T+Ql X x+cT x'x^b + R X 



x-^-a X ^+^ +&c.=sl. Make:v+fl:=0,oraft= 
and every term where x+a enters, becomes=0; hence. 



1 



H X x-\-F^\, or H X b—a =1, .-. H==z:;r. Take 

b — a 

the fluxion of the equation (A), and omitting a:, we have 



■n— X . tr . TT**— 1 



(B)nHx^+^ +n¥ixx+b ' xx+a+YLxx+^ 
+&c.=0 ; make a:= — cr, and we have nH X b — a 



+K X b—a=0 ', hence, K= — -^ = - ^ J i thus 

b—a JZ^+' 

by continuing to take the fluxion of the last equation, 
and then making ;v = — or, we shall get the values of 
L, &c. In like manner, if we make ;v + i = 0, or 

xz=: — *, we find P = _=:^ ; then by taking the fluxion 

a — b 
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of the last equation, and making x-=, — 6, we get Q= 
— ; T—; and by proceeding as before, we get R, &c. 

Prop. LXXXIII. 

^^^ F= ' ,„ ,, ^ to find F, r being a whole po- 

x+a Xx+b 
sitive number. 

151. By the last article, F= _ + :+&c. 

X + a x+a 

+ ^^ + ^ ^ 4&c. Put x+a=Zj then ;c=a2— a, 

therefore 5?'+ *— z— w2 "*" , and :<^ir=2— a'^x*; hence, 
^'^^ z — a^'x^ _v „.^-,. . r — 1 



.„» ^^ = z^'^^x — raz^^"^**^^ + r 



x + a 2*" 2 

^2;r-m-»-^ — gj^^ where the number of the terms = 
r + 1, and the fluent of every term is found by Art. 37. 
except that term where the index of z is — 1, whose 
fluent is found by Art. 45. and the sum of all these 
multiplied by H, is the fluent of the first term. In 
like manner, the fluents of the other terms are found. 



Prop. LXXXIV. 



Give n A the fluent ofe+JoF\^ x xPx^ t o find B the 
fiuentofe+fK^Yx:^+''it,andC thefiuentofe+fx^y+^ 
Xoc^x. 

152. Assum e Q= e+fi^lT+^ X /+\ then Q = 

p +lXe+ fx^r '^^XxP x+ m+\ xn/xe+fx"" fxx^ +«i. 

=/> + ix C + w + 1 X nf x B J hence, b y takin g the 

fluents, Q«/>+ l X C+m+ l xnfx B. AXso^ e+f x'^'Y'^^ 
XxPx^e+fx^Xe+JsF\'^XxPx^ eXe+f>^Y^xxP±+ 
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fx e +/x»fx /+*a?, that is, C=eA^/6, therefore 
C « « eA + jB. Now^ from the frst fluent, B = 

' — 1/ , and from the second^ 8=* — t — ; hence, 

m+lxnf J 

, ^ = — jr-; ••• C«= — ; con- 

m+ixw/ y />+l+m + lxn 

sequently B=2=1^^C £A^^+^^^ 

y 7 / z^+H-m+lxnx/ 

*-* -^* Hence, we may continue the fluent as far as 

we please, increasing m by 1, and/r by n» 

Let tf =s aa,/=l, msa — |, ^= o, »=» 2 • then A = 

■■. ,il_ , and A = h. 1. ;c + y^x* + c^ (ArU 45.) ; 
hence, B the fluent of •—===. a=4:cxa»+;v* I* — lo^A, 

as in Art. 124. also, C the fluent ota^+x^yxds^lxx 
«2+x»l*+|fl^A. 



Prop. LXXXV. 

1 

Let F=t;x*i?, w^ere i;=A. /. , to find F. 

1 — X *' 

153. Assume 1- r=:F, then t;;e^i?-f 



71+1 n+1 
i^svx^x; hence r= — — - — = (because t= ) 

72+1 \ 1 — x/ 

= — a, — ===r = (by division) — ■ x 

^ + 1 X 1— a: w + 1 



— ;^»a? — AT^^^o?-^ Sec. H , therefore r 5= — X 
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— — - + h &c. — V ; hence, F = — - H — X 

n+l n n+\ n+\ 

— -— - H h&c. — V. 

n+1 71 

Prop. LXXXVI. 

Let F=ivx^x^ where visa circular arc whose radius 
is 1 and tangent x, to find F. 

154. Assume -^— -: — (-r=F; thenvAf"i?+ , ' | > r 

n+1 ;i+l 

:sF=: x;;c"i7* Let n be an 0^1/ number, and then r ■»: 

.— = (Art. 46.) — as — X 

n+1 n+1 X l+;c» .n+1 

^"•'i? — x^'^x + &c. ± r f J , where the sign of 

n+1 
r will be + or — , according as — ^ — is even or 

«6 



^n ^ n— S 



odd ; hence, r = — —-- X 1 — &c. t v » 

n + 1 n n — 2 

„ ry»+i 1 ^'^ , x«"^ T 

therefore F=- + — — X + -— &c.tv. 

n+1 n+1 n n— 2 

If n be an even number, the last term of the division 
will be ± , whose fluent is ± 4 h 1. 1+a:* «» 

± h. 1. \/l + ;c» ; hence, F =;i - .7 + —7-; X 

n+1 n+1 



j^n ^ n— S 



h &c. ± h. L v^l + A*, where the sign 

n n — ^2 

of the last term is + or — , according as | n is odd or 
even. 

2 A 



I 
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Prop. LXXXVII. 
I^t F=2*"**"*i?, where z=h. L x^ to find F. 



155. Assume F=a2*+fe*"*^+C2'*»^+ &c. a, *, c, 
&c. bt*ing variable coefficients in terms of x ; hence, by 
taking the fluxion we have, 

x 
by Art* 45. %^ — ; hence, by transposition, 

X X 

• • WkOXJC * 

therefore by Art. 110. a—xf'-^x = 0, b+ =0, c+ 

^Illl- = 0, &c. hence, a=x»->ir, .♦. q^~ ; b = 




^^ntade — mx^-^x , — mx^ • — m — 1 . bx 



n n* X 



-= — m — 1 X ^—7nx^''^de m.m — i .x^ 



«* ' ?i^ 



/. c= — '• — --^ — ; &c hence. 



F=— X2J« j-X 2«-« + XZ^* — &c. 



n n* /i^ 



where the law of continuation is manifest, and the series 
will terminate when m is a whole positive number. 

Prop. LXXXVIII. 

Let F=a*jt:»i?, to find F. 



156. Assume F = V X px^ + qx^"^ + ra'«-*+&c, 
andletw=h.l a j then (Art. 114.)iKaf^i?is thefluxi(»| * 
of a^ i hence, by taking the fluxions. 
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- 

divide both sides by 0*0?, and transpose at", and we have 
mpx^+mqx^''^+ mrx'^'^+ &c. 1 _ 

— ;c~+ n/^A^H'*— 1 • y*""*+ &c. J "" ' 
hence (Art. 110.), mp — l^Q^mg +np^Oy mr + 

7i_l. jr^ 0, &c. .•./> = — ; y«—-^=——; r= 

HI 711 tnr 

n — t*q n — Ix — n n.n — 1 9 ^^ c t^ 
J SB— = -— , &c. therefore F 



m vr? m^ 



sa*x — Jif" — r^*^""* ^ — ~"3 — ^**""* — Sec. where the 



1 - w « . . '^•^ — 1 

law of continuation is manifest, and the series wilitei^ 
minate when n is a whole number* 



Prop. LXXXIX. 






To find the fluent of ^^ , given the fluent of—-< 

157. Assume h Q for the fluent ; then, by 

1 ± z" 

-. , « . , r+lXa2''»Xl±2"Twa2'''f»» 
takmc: the fluxion, we have .^ 

^ ■ 1±2» I* 






"~^ VTA -f— — 

1 ± z^Y ^ J= ^"1 

— - — vr+lxaz*^*:?— 2 — hQ; but T— • 



?I^IZ''i; i_ Z^% 

— iia2''« + -— — - ; hence, 

1 mkm Tft 



1±2«' 1 ± 2 »f 1 ± Z^ 

r+lxoz^i— .«ci2'« + jj^ + Q = r+l xa-*«ax 
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+ +Q; assume na«=sl, or as — , so that 



the terms j ,, and „ ■ may destroy each other, 

1± z«]» 1 ± r"] * -^ 

and we have.Q =» 1 -* x -— — - ; hence, if P be 

n 1± z^ 

the fluent of- ^^ we have Q= 1 ^^ xP; con- 

1 It 2" n 

1 2''+* r+i 

aequently the fluent required is — X — (-1— -^l^ 

n 1 ± 2" n 

Prop. XC. 

To find fluenU where there are two variable juati' 
titles in the given fittxion. 

158. It frequendy happens, that a fluxional equation 
contains two variable quantities, in which case, they 
#iust either be separated, or reduced to the fluxion of 
some known fluent ; but no general rules can be given 
for this purpose, and_ the reductions must be left to 
trial and the skill of the Analyst ; the following Rules, 
however, may be of some Use. 

RULE 1. 

Multiply or divide the given equation by some fimC" 
tion of the unknown quantities^ so as to bring them to a 
form whose fluents may be found by some of the rules 
already given^ or to thefiuxion of a known fluent. 

EXAMPLES. 

Ex. 1. Let L-^r=- . Multiply both sides 

X y y"" ^^ 

by nod^y^^i and it becomes ny^x^^^x + nx^y^'^^y »• 

nax^+^x ; now the fluent of the first part is known 

from Prop. 7. to be »f"y% and the fluent of the other 
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part is found (Art. S7.) to be ^^ — ; Jiqice, the 

equation of the fluents is ;v*V* == r-. 

Ex. 2. Letd^ — ^*=y£*. As % does not enter 
into this equadon, conceiving it ta be deduced from a 
fluent, % must have been supposed constant. Multi- 
ply by Xy and xx — A^i?** =ya?i*, and as % is constant, 
the fluent is ^i?* — ^x^^ = fxx^ ; hence, » = 

— , whose fluent (Art. 45.) is z «= h. 1. 

V2fx + :c» ^ ^ 



/+^ + V2>+x«. 



RULE 2. 



Sometimes thefiuent may he found by the addition of 
a new variable quantity. 

EXAMPLE. 

Let fl:» = 2* — XX. Assume z^ssa + x + v^ then 
%s a-fjT ; hence, by substitution, ax + ai=^ax + xx 

+ vX'~^xXy therefore ar = vi?, or a? = — ; hence 

V 

(Art. 45.), j: = a X h. 1. 1; ; consequently 2= a + v + 
a X h. 1. «, and by substit uting for v its value 2 — a 

— jc, we get X r=s a X h. 1. 2 — a — x. 



KULE 3. 

The fluent may sometimes be found by first putting 
the equation intofluxionsy mating' one of the fluxions 
constant. 

Eli:AteFL£. 

Let — i^ BAx + y ^. Make y constant, and 
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put the equation into fluxions, and ^^ +^=3 

a? + y + ^- ^^^ hence, ?;i^^ « ^, and S+y 

X drs a ;iri/*, consequendy ;if ^d'aa « 4- yl £<i hence, 
(Alt. 37. and 39.) we have 2A:*=2xa+yl*. 



RULE 4. 

ij^ oni^f one of the variable quantities (x or y) €itl^, 
substitute for the fluxion of one oftheniy the fluxion of 
the other multiplied into a new variable quantity. 

EXAMPLE. 

Let yif^x^adc* +2ax*y* + ay^^ where x is wanting. 

Assume zif = i?, and we get yzy^ == az^y^ + 2az^^ 

+ ay^^ or yz = az^ +2az* +a ; hence, </== 02^ + 2ar 

fl a% 
H , therefore 1/ = 3a2*» + 2a%. -, consequendy 

«*SB z£/= 3a2^x> + 2az% , whose fluent is ;c = l^rz* 

+ az^ — a X h. 1. z ; and if in this equation we substi* 
tute the value of 2 in terms of t/, found from the equa« 

tion y^az^ + 2az ^ , we shall get x in terms of y, 

z 



Prop. XCL 

tn any fluxional equation of the second order ^ where 
the fluxion of one of the variable quantities (i?) is con'- 
stanty to transform it into one in which y is constant. 

159. Suppose the value of ^ to be es^ressed by ' 
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a + bx + cx^ + dx^ + iiic. then^=* + 2cx +Zdx^+ 

a? 

&€• Make db constant, and take the fluxion, and 4- = 

a? 

2cx + 6dxx + &c. Now make i) constant, and ~r ■ 

^ ar» 

2=2ci? +6djc:x + &c. when therefore i? is constant, the 

value of ^ is the same as r^ when 1/ is constant. 
a? a?* ^ 

Ifence, we have the following ^ * ^ 



RULE 5. 

jff' in any fluxional equoHon of the second order ^ in 
which X is constant^ we substitute for ^ the quantity 

X 

■ ■;-^ ., oryir ij the quantity — ^^ we shall transform 
a?* a? 

the equation into one in which y is constant^ and thus 

the fluent may be often foundi 



EXAMPLE. 

Let xy — ^i/— ^y— -^=«0, which being supposed to 
have arisen from some fluent, x is constant, as ^ does 
not enter. Substitute — r— for y (in which case y be- 

comes constant), and we get xy+x x ^ + ^^ X ^ — 

a? X 

^==0, or dc^+x3b+ax — ^^— ^ =0, whose fluent is xx 


+aa?— -~j which, as the fluxion is = 0, must be 



IS a circu- 
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equal to some constant quantity ; let it be ci/*, and then 
i/n , ^ , + -; , whose fluents (Art. 45. and 

46.) are y^b X L+a X y — x A, where A 

lar arc whose radius is 1 and tangent" , add Ls=h* L 

^ V2bc 

2bc+xK 

RULE 6. 

Sometimes the Jluent may be found by assuming an 
equation with unknorun coefficients^ which put into 
fluxions shall give a fluxion of the same form as the 
given fluociony and by equati, g the coefficients^ the o*- 
sumed coefficients may be found. 

aX'^bxdb 
Let the fluent of — j — r- be required^ Assume 

cx-j-x^ 

d X hyp. log. cx^+x^-h^ for the fluent, then the fluxion 
. , rcx^^db+r+1 x ^'** drcx+d x r+1 x xdb 

IS a X ^-r-|^ — J-; = ; — 

cx'^+a*'+i cx+x^ 

aJc-^bxdc , , - 

which we assume = ; — — j hence, drc=a. rf x r-f 1 



=A, therefore r= and d= ^"" ; and the requir- 
ed fluent is -^^ x h. 1. ic3^^ + x^^j . 

If the fluent cannot be obtained by these means, 

* The given fluxion being supposed to have arisen from some 
fluent, it IS easy to conceive that this constant quantity must be 

such as cy ; because the equation, after taking the fluent the 
first time, arose from taking the fluxion of the fluential equation,^ 

and therefore xov y must necessarily enter into every term. 
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or any other artifices, it may be necessary to have re- 
course to infinite series (see Art. 1 1 1.) in order to ex* 
press the fluent, in which case it will be very useful to 
attend to the following 

RULE r« 

Let the juantiiy whose value is required be assumed 
equal to some unknoum power ^ n, of the other quantity ^ 
and let that power with its fluxion or fluxions he substi" 
tutedfor their supposed equals in the given equation. 

Let the least exponents for an ascending, or greatest 
Jor a descending series^ ojthe quantity thus substituted^ 
be made equal to each other ^ and thence n will be found* 
Or if there happen to be only one or more terms having 
the least or greatest index^ make the coefficient of that 
term or terms ^^zQ^ and you get n« 

Substitute this value of n for n, and take the differ- 
ence between one of the equal exponents^ and every 
other exponent of the same variable quantity. 

To these differences^ write down all the least num^ 
bers which can be composed out of them by continual ad-- 
dition^ either to themselves^ or to one another^ till you get 
as many terms as the required series is to be continued 
to. 

Let each of these terms be increased by n for an as- 
cending series^ and decreased by u for a descending 
series^ and you have the required exponents. 

In equations where the higher order of fluxions are 
concerned^ the series must be assumed in terms of that 
quantity which flows uniformly^ and that is known by 
observing which quantity has no second^ i^ effluxions. 

Ex. 1. Let the equation be a^Sc^ + x^x^ — o^i* = 0, 
when 2 is a circular arc whose radius is a and sine x. 

Assume z** for x^ then nz^^^i^ssi?, and by substitu- 
tion, the equation becomes a'n*2*"~*i* + 2*"»* — aH^ 
= O, and the indices of z arc 2;z — 2, 2n, and 0, for Wft 

2B 
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conceive the kst term a*£* to be ch^i? \ and putdng 
the two least indices 2ii — 2 and equals we get ii=l ; 
which substituted for n, the indices become 0, 2, 0, and 
the difierences are 0, 2, and by adding 2 continually, we 
get the series 0, 2, 4, 6, &c« to which add n, or 1, and 
we get 1, 3, 5, 7 , &c* for the indices. Assume there- 
fore x=pz+ yz^ + rz*+sz'^ + &c. and putdng A = 1 
to shorten the operation, a?=^-f3^z'-f5rs:^-f-7«2^ 
-f &c* and this squared and substituted into the g^ven 
equation, we get 

9a*q^z^ + SOcflqrz^ +*«• L o 
+ /»V+ ^pqz*+ 2/»r2« + &c. f"" ' 



+ y»2« + &c. J 

hence, (Art. 1 la) a*p^ — a« = O, 6a*pq +p^ = 0, 10fl« 
pr + 9a V + 2/>y=0, l^^ps + SOa^qr + 2^r + y«=0; 
&c. and irom the first, /> = I ; therefore 6a*y -f 1 = 0, 

and y :^ -^ gi = - 5^,; hence, 10a»r = _ 

' , therefore r = ; also, 14a*A«a= — 30 

2.3.2a2' 2.3.4.5a^ ^ 

^ ^ ^ 6a* 120a^ 120a* 

-= — - — = — .therefore* 

36a* 24a* 60a* 36a* 360a*' 

= T = ' — ' ; hence, ;c = z — 

14 X 360a* 2.3.4.5.6.7a^ ' 



2^ 2* 2^ 



2.3a* ^ 2.3.4.5a* 2.3.4.5.6.7a^ 



+ &c. 



Ex. 2. Let laxf — ay^x + 2:^^/2 — 2j/*i?2 .- q. 
Assume X^y\ anda; = 7/^"~^i/,and (^ being constant) 
^ = n • 72—1 . 2/"-*t/2 J therefore the equation becomes 
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(omitting j^) 2ny* — n . n—1 . ay*+2w*^2i!^y««s=:0; 
here there is only pne power of y having the least 

in dex, th erefore we must assume 2a — n.n — l.crssO, or 

n . n — l=a2, and n= 2, and this is for an ascending 
series. Substitute this for n, and the indices become 
2, 2, 4, 4 ; now the difference between one of the 
least indices 2, and the other indices is O, 2, and by 
adding 2 continually, we get the series 0, 2, 4, 6, &c» 
and increasing these by n, or 2, we get 2, 4, 6, 8, &c* 
for the required coefficients. Assume, therefore, ^» 

Py^+9lf^+ry^ +*!/' + &«• *en a? = 2ptf+4^y^+6ry^ 
+Ssy'^ + &c. (assuming ^="1), and a&= 2/> -f 12j'^ + 
30ry* + 56sy^ + &c. also i?«= 4/&*y*+167*/+16/&57/* 
+ &c. hence, by substitution, we get 

2apy^ + 2(iyy* + 2ary^ + 2asy^+kcr 
0^2apt/^ — 1 2a^y^ — SOary^ — 36asy^+kc. 

+ 4pry^+Sic. 
-^ Spiy^ — Z2pqi^ — Z2qHf^ 

— ^8/»^t/8+&c. 

hence, 2ap — 2a/p=0; 2aq — 12a5'+2j&«— 8/&"=0; 
2ar — 30ar + 4pq — 32pq=^0; 2as — 56as + 2q^ + 
4,pr — 32y* — 48pr « ; from the first equation it 
appears that j& may be assumed at pleasure ; from the 

second equation, y=» ~ ^ ; from the third, r= -^ ; 
from the fourth, * =s ~ - f^ ; *tc. hence, x =/y* — 

5a^ ^5a2^ ' 45a»^ ' 

For a descending series, we make the coefficients of 
the highest powers of y»0, or.2 — ^2n'=0, and n«l; 
and the indices become 1, 1, 2, 2, and taking one of 
the greatest, 2, from all the rest, the remainders are 
^-*1 and 0, and by adding — 1 continually, we get 0, 
rfwl, — 2, —3, — ^, &c, and these increased by n, or 1, 



v>-o, 
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give 1,0, —1, —2, — 3, &c« ; hence, assume xwmpy^ 
j+fY'^+sif^+ &c« and ive get, as before, 

— ^2flry"<--&c. I 
^f^-Hpjy+^f +4fry-*+ &c. 

—2/^ -^pr+Sfisy-^+ &c.^ 

hence, 2/^ — 2/^» ; 2ap + 4py=z0; ftaq + %^ + 
Spr K ; 4j'r +I2p8 « ; we may therefore assume 

^ at pleasure, and then y« — ^; ''■^ ^6*' ^'^Q^' 

&c. therefore 0?—;^ — --+--— + ---j-. + &c. 

^^ 2^ 16j&y 96p^y^ 

Although this rule may become sometimes imprac- 
ticable, yet when it can be appljied, it never takes in 
any unnecessary terms. 



SECTION XI. 



^«M^^«a^^www«» 



On the summation or SERIES. 

Prop. XCII. 
10 find the a«m o/*l"i)f+2»«».f3"«>+&c. . . . «•*». 

leo. Assume ;e4<v*+v*+&c.. ..A^e= — — IIZ = 

a; take the fluxion of both sides, divide by i?, and 
multiply by x; repeat this operation, and you will raise 
the powers of the natural numbers an unit every time; 
hence, 

xo 
t x+2 «*+3 A?s+&c ... * x*^ -r = * 5 

. 

xb 

%^x+2^:x^+3^s(^+&jc. . . . s^x*^ -t^ = rf; 

so 

Thus we may continue the operation to any power. 



• 



Prop. XCIII. 
To fndtiiesum o/l.Z.3x+2.3.4}^+SAJl«^+i^c, . 

161. Assume as before, take the fluxion, and diviSe 
by 0?, repeat this operation till you have gotten die 
number of factors, and then multiply by x ; hence, 

l+8;c+3*»+4v»+&Ct sx^^zsz^^b; 

X 



190 Summation qf Series. 



X 



xc 



1.2.3;e+2.3.4A'*+&c.#— 2.«— l^A^=i± = </. 

Prop. XCIV. 

Giv en ao^ + Ax ** + 0^" * + &Pc* + m:c^ = A ,- f ^^iti/ 
/>+nX y +/iXg ^+^ + 2« X y + 2n X *a^ + &c 

162. Multiply the given equation by xfi^ and as^+^ 
+*:sc^+«»+«tc = A;«^= B ; take the fluxion and di- 



vide by ir, and/>+nxa^+*^+^+2nx*^+**^+&c 



B 



= --; divide by «^^, and;&+nxa«*+/>+2«x*Jc**+ 

X 

&c. = ^. = C. Now multiply this equation by jcff, 

take the fluxion, and divide by 5c«"*i?, and we get 

p+nxf+nxa^ +p'h 2nx y + 2n X bx^ + &c. = 

Cx9 



x^^x 

In this manner, any factors may be introduced, by 
multiplying by such powers of x as shall produce the 
factors required. 

Prop. XCV. 
Let the sum of ^ ^ 1- -^ £s?c. ad infinitum 

X O D 

he required. 

163. By Art. 54. Ex. 5. \- &c.=A, A 

•^ 13 5 ' 

being an arc of a cirde whose radiusasl, tangent = x* 

ViS i^aA yA 

Multiply by at, and 1 &c.=A;cj hence, 

13 5 
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13 5 a? ^ 14.' 



l+x^ 



by Art. 46.) A + ^ 



If ;v=l, therif — * + • _ &c. = A + i. 

Prop. XCVI. 
T(? sum series by means ofthejluent ofvx^dc^ v being- 

1— <ip 

164. By Art. 153. the fluent of vx'^x is 1- 

^ • n+1 ^ 

•X — rrH — I -+&C.— v=vx -— ; + 



w+1 n+l^w 'n— 1 n+l w+1 



x»»+* ;c" a:**"^ 



+ === + - +&C. Butx;= 

n+lxn+l n+lxn n+l.n—l 

hyp. log. =j?+|x2+Jx* +i^ + &c. adinfinit. 

hence, t;;^i?=A^+^i?+i;c«+«i?+|Ar»+3i?f ia7~+^a?+ 

&c. whose fluent is — -— H — == H — == H 

n+2 2.n+3 3.n+4 4.n+5 

+ &c. Make these two fluents equal, and we have 
X 37"+ ^-1+ +=== F 



n+1 ;i+l)^;i+l 71+1 xn n+lxn-1 

^n-|.2 0^'\'^ :c'*+^ 

+&C. to n+1 terms = --— +' H =- + 

w+2 2.n+3 3.n+4 

&c. ad infinitum* 

165. If n=0, then — | + --- + &c. ad infinit. 

2 2.3 3.4 

=t; X x—X + X 5 hence, ^f^*=>*"2"^23"''3l4^ 

&C« sd 1. 
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m 

« 

166. Since— + — +— + &c. =s va:— n + jp, 

- x^db x^dc x^db 
multiply by i?, and — - + — - + — - + See. b -oxx 

1«2 '^•o o*4 

^— vir + XX ; now by Art. 153. the "fluent of vxds 
hB\vjL * — \ v + \x^-{-\x\ also, the fluent of vx is 
^x — V -f X ; hence, the fluent of vxx^^^x + xxia\ 

Xfofl — vx + \v — \x + {x^i consequently (B) — — - 



' 2.3.4 3*4.5 
Assume \vo^ — vjp + |v ■■ 0, or x« — 2j? +1 «> j 

m 

hence, x = 1 ; make j: « 1, and — — + --— - + &c. 

1.2.3 2.3 4 

Let J!" ■■ i, then v = h. 1. 4 ; hence, }- 1. 

X — + &c. = — X h. 1. . 

2.3.4 4* 32 3 64 

Let :r=i, then T;=h. 1. 2 ; hence, — X — A 

* ' 1.2.3 8 2.3.4 

X h &c. = — X h. 1. 2 . Thus by assuming 

16 .8 16 

jSC and determining v from it, we may find the sum of 
the corresponding series. 

In like manner, by multiplying B by or and taking 
the fluent, we shall get four factors in the denomina- 
tor, 1.2.3.4, 2.3.4.5, &c. or if we multiply by xx and 
take the fluent, we shall get the factors 1.2.3.5, 2.3.4.6, 
&c. And, in like manner, we may add what factors we 
please, by multiplying by such a power of x as will pro- 
duce that factor. If the Reader wish to see more in* 
stances, he may consult A. de Moivre's MtsceU AnaL 
Lib. VI. 
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Prop. XCVII. 

To sum series from the fluent ofvx^x^ where v is a 
circular arcy whose radius is unity and tangent x. 

167. By Art. 154. the fluent of vx^x is !lf^ljll . 
n+1 ^ 

X— — +-— r — &c. 7 f', where the sign of vis 



n+1 n n — 2 

n 
2 



+ or — , according as -i- is odd or even, when n is 



an odd number. But (Art. 46.) 0=;^— Z. + f. .^ ftc. 
hence,i>;ic*a?=x»+*a? 1 Kcwhose fluent 

3 5 

;^+9 A^+^ X^H"^ 

is — ==+-==: — &c. Make these fluents 

^+2 3.W44 5.n+6 ^^ 

equal, and we have — -- x Ty;v"+i ip v 1- 



w+1 n n— 2 

^+s ^c'^^^ ;c*~h^ 

&c. =ss . — — L H — ==s— &c. ad infinitum. 

n + ^ 3.W+4 5.n+6 

ra+1 
Let — -^ be an even number, and assume va^+i.^.. 
2 



tn=0, and then :v=:l; hence, — -x 1 r-— -&c. 

n+1 n n — ^2 

n+1 ^ - 1 1,1 
to — ^— terms, is equal to — -—■ ■ u + 



2 w+2 3.^^ 5.;j^ 

&c. ad infinitum. 

If n=3, then — « — -4 — &c. ad infinitum 

' 1.5 3.7 ^5.9 



= ix — 4 + 1=1- 

n+1 
Let --21. be an odd number, and assume n^t^ 
2 . ' 

2C 
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xsill then V becomes an arc of 45^ ; and we cet — -. 

^ 1.3 

— r-r + 7- — &c, ad infinitum = arc 45^ — {• 

If » be an even number, then (Art. 154.) we get, in 
like manner. 



j^^S s^+^ x*+^ 

— ,^ ■ ' — s==.-{ — =r — &c. ad infinitum, where 

Ae number of terms to be taken in die first series is 
In, the first and last terms excepted, and the sign of 
Ae last term is -f- or --^ accordmg as |n is odd or 
even. 

If jBss3,andx= 1, dien v becomes an arc of 45^ ; 

and we get-—----— —+--— r- &c. ad infinitum = 
^ 1.4 3.6 5.8 

^ X arc 45^—4 -f- h. 1. V2. For more upon this sub- 
ject, (|ec A. 4e ^loxYfts's MecH^ JLnal* Ipib. VI. 



SECTION XH. 



«/%WW^WV^^WWV 



On the maxima jmd MINIMA o? CURV£S. 



Prop. XCVHI. 

nnOfind the nature of curves^ in which some qwnti" 
-^ ties remaining' invariable^ others are the greatest 
vr least possible* 

I'GS. Let ABG be any cumlinear area, PD, RF 
two fixed ordinate^ indefinitely near to eath othet*, aUd 
the ordinate Q£ an arithmetic mean between them, so 



p.gR 




that En =s Fm, Dn, Em being parallel to ABI Now 
it is manifest, that die nature of the curve DEF must 
depend upon theposidcoi of the point E, as by varying' 
die position of that point, you must necessarily vary the 
curve ; upon the s^ituarion dierefor^x>f this intermediate 
ordinate, the determination of the equation to the curve, 
from the data, will depend* Hence, PQ, QR, are the 
only variable quantities* 

169. Let any given quantity M be made ujp of A, 
B,C,D,E,&c«orletA + B-|-C + D-|-E+&c.=sM, 
and at the same time let some other quantity m be 
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required to be a maximum or minimum, and let the 
corresponding parts of m be a, 6, c, d^ e^ &c* and then 
will a4^+c-fHdf-fr-fAc* = m, M and m being expressed 
in terms of the same variable quantities. • Now let us 
suppose all the quantities in each to remain constant, 
except two which correspond, that is, let C and D, c 
and ^be alone variable ; tnen C+D is constant, and to 
satisfy the other condition, c-f-^ must be a maximum 

or minimum ; hence, (Art. 21.), C-f D = 0, c-f^= O, 
and from these two equations we may get the relation 
of the variable quantities which compose them, which 
will be found sufficient to determine the nature of the 
curve. 

Prop. XCIX. 

Green the points A and C, to find the curve in which 
a body tuill descend from A to C, in the least time pos- 
sibkm 

iro. Put PD =m, QE =n. En = Fm = a, the con- 
stant qu antities, v = PQ = Dn,w = QR = Em ; then 

DE = Vu'+i^, and EF= Vo^+w*. Now AB being 
parallel to the horizon, the velocities at D and £ 

are asV^ and Vn, hy Mechanics; also, the times 
being as the spaces directly and velocities inversely, the 

times through DE, EF will be as =r— and 

Vm 

= — ; hence, as AB is given, v, w are two parts 

X^n 

of this given q uantity , whose sum r + w is constant ; 

also, =— and =— are the two correspond* 

\^m V» 

ing parts of the minimum, whose sum =— + 

Vm 

=— = minimum (Art. 169.) ; hence, * + ri; = O, 
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J vv . rvtb 

rbsB^^^v; consequently --= 



rvv 



= O, and — =■ 



Vn X Vcfi + xji^ Vm X Vcfi + v^ 

— = sBss^ ; now these are two similar quantities, 

Vnx\^cfi+v^ 

which express Tin their ultimate state) the fluxion of 
the abscissa divided by the square root of the ordinate 
X fluxion of the curve ; two successive values of this 
quantity therefore being equal to each other, shows the 
quantity itself to be constant ; hence, put APsaXj PD 

cssy, AD8Z, and we have — = s= — =r a constant 

X^yXi Vr 
quantity, which is the property of a cycloid, the dia* 
meter of whose generating semicircle is r. 



Prop. C. 

_ j 
To determine the nature of the curve AC, whose 
length is given, when its area is a maximum. J 

171, T he same not ation re maining, we have D£ 

+ EF=s Va* + v' + Vo* + v^2L constant quantity, the , 

sum of two parts of the g^ven curve line AC ; ako^ i 
7nu+nw is the sum of the/two corresponding parts *^ 
of the maximum ; hence (Art. 169.), mv -f nw & 
• . . ^ J '^ . WW 

max. •*• mv + nii;»0, and -| — ==£&? := ; 

Va^ + 7fi Va^ + rv^ 

hence, -r— = — w, therefore ■ — - — =n 

consequently — ^ 1 — = — ; which being 
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X 1 
similar quantities, we have ^ =-— a camt^nt qoand- 

y% r 

ty, or rxssyx the eqoadon of a circle by Art. 46. 

Prop. CI. 

Let the surface of the soUd generated by the rtcohi* 
tion efthe curve AC about AB be green r to^Jind the 
nature of the curve^ when the solid is a maximum. 

172. Put /p = 344159 , fccthcn (Art. 56.) 2pm X 

Va'-f«* + 2pnf>/€^ 4- ^ =3 the sum of the two parta of 

thse given surbce generated by DE 4" EF., a constant 

quantity; aho, pn^tf+priho s the sum of the two cor* 

resppnding parts of the maximum, generated by 

PQED, QRFE ; hence, pn^ +ffi^ = max. .•; 

{negleaing the constant multiplier />) m^ + rfw = O, 

J wrr ^ nunb ^ . . f«*d 

and — ,_^ - 4- '- a— u er =s ; hence, w^sr^^ ^f^-^ 

which substituted for li; in the second equation, we get 
=== = — ===, which are the same quanti* 

ties as in the last case ; hence, the curve is a circle* 

Prop. CII. 

To find the nature of the curve which- generates a 
solid of the least resistance^ whenmoving in afiuidin 
the direction of its axis^ its greatest diameter BLr and 
length AC being given. 

173. BythePrincipIesof Hydrostatics, the resistance 

against DE is as -, and aeainst £F as -p- ^.; 

hence, the sum of the two parts of the quantity which ii; 

to be a minimum = --: 4- ■ : also, as AC is 

c^+v^^€fl + w^' ' 

given, 1? + Ti;, the sum of the two corresponding parts 



H/Gnwia of Ct^Si. 



<rfthc given quantity, is constant; therefore 
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2na^nfw 



Oj and V + w 



— wi consequently, by substitution, 



; hence, i = 
mc?v 



a^+ v>' 



which being similar quantities, we have 

^4— :^ r, a given quantity, which is the fluxional 

equation of the curve. 
That the curve does not meet the axis at A, ap- 

pears from hence ; y«»rx 5^ =*'" ^ En^xDn ' ^ ^^ 

the numerator must evidently be greater than the de- 
nomu^atW) snd therefore y must be greater than r. 

174. If die greatest diameter BL, and area BMNL 
be giveny then nv^+nwvnOi be given,, consequent^ mi 

^ mi; aq* o, which pves ^rr «= r, the equation of the 

i^rvck 

If the greatest diameter and buli be given, then in-v 
stead of V +w being given, /wn*i^ +pnhv will be given 

(Art. 169.); hence,^ m*r + nHi;«0, which gives S^-s 

r, the equation of the curve. 
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' ' * Although PDEQ, QEFR are here token as incre- 

m ments, yet we reason upon them as fluxions, conceiv* 

1/ ing their limiting ratio to be taken, and consequently 

'' the conclusions are mathematically true. 



^ 



Prop. CIIL 

T0^nd the nature of the curve AC^ so that a body 
may move from AtoC in the least timepossibk^ the ve^ 
locity at any point D being as DS^, S being any fixed 
point. 

175. Let DS, FS, be two given distances including 
a given angle DSF, draw S£, and Dn perpendicular 




5 

to SE, and Ei» to SF, and let En = mF. Put SD = 
m, SE = n^ En = Fm = a, the constant quantities, Dn 
= v^ Em = w^ the variable quantities ; then DE =: 

\/cF+^ and EF =» Va* + tu^ ; and the time o f 
describing DE == ^- — , and of EF= j, ; 

hence. ^^^ ^.^^ ^ „^ ^^ i^ A^i^ 

^ + — !f2fL_ «Q. but the ZDSE is 



wVfli» +r* nVa» + «;» 

measured by — , and Z ESF by — ; therefore 1 — 

^ m n m n 

= ZDSF, and — + —=90; hence, w = , 

m n w 

therefore -• — ■ ■ = O, and 

mWa^ + v^ mify/a^ + v^ 
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« 

^-;=r7^— = ^,7 I that is, if SD = AT, \ 

if t t^ 

AD = 2, Dn as i;, then --^=— |, a constant quan- J^ 

tity. 
if r = O, AC is a straight line* 

If r =« 1, thca -^ is constant, and the curve is the 

log. spiral* 
If r =s 2, then cy = x%y and the curve is a circle* 



2D 



SECTION XIII. 



<^^^^^^^^^v^t^ 



MISCELLANEOUS PROPOSITIONS. 



Prop. CIV. 



a 

f^IVENthe sine EB o/* an arc AB of a circle; to 
^^ find the sine of n times AB. 

176. Let ABa»2, and AK=« nz ; put OB =l,y=s 
OE the cosine of AB, xr = the sine BE = Vl« — y», 
;ir as the cosine OG of AK, then \/i»_^sa the sine 




of AK. Now (Art. 46.) »:—«/:: 1 : ^\^—y^^ .•. i,^ 
— ~!L.= s . ; for the same reason, the fluxion of nz, or 



n%^' 



X 



s/\^—9f^ 



: \ hence, 



X 



5^ 






; mul- 



tiply both denominators by v — 1, and 



V^iJC>— 1» 
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fiij - 

^ , whose fluent (Art. 45*) is h. L ;c -f- V;c*— 1* 



Vt^—l^ 



= n X h. 1. y + Vy2— 1« ; hence, (Art. 109.) x + 
Vx*—i* = y + Vy^—i^T = (Art. 34.) y» + iiy»-« 

'^e/* — 1 X y*— 1 + fc^- Now as this equation con- 
sists of quantiti es, part ly possible and partly impossible, 

^ X* — 1 and v^2/* — 1 being impossible, it is manifest, 
that the possible and impossible parts must be respec* 
tively equal. Hence, assuming; the impossible parts 



equal, we have, \/;tf* — 1 = mf^^y/y^ — 1 + n. 
n — 2 



3 



.y»-8x^y*— lXy«— 1 +&C. Multiply both sides 



,by "^-^U and v'l— ;c* = nz/«-* Vi — i/* + n. 



71 — 1 



2 
« — 2 



y«-^ X v^l — y^x ^—1 + &c. = (because v = 

V^l— y*, and — ©2 « i^ — i) ;jj/«-« © — n. -^ .-I^ 
f/*^t;^-f&c« the sine of AK. 

Prop. CV. 

Given as before^ to find the cosine of AK. 
177. Assume the possible parts of the above equa/» 



tion equal, and we have a? = y* + n. — — y^^x ^—1 
4&c«=sy»-«.7}. -— .y»-V+&c. the cosine of AK. 
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Prop. C VI. 

Given as before^ to find the ta^fent of AK. ' 
17B. Put t SB tangent of AB, then by Plane Trig. 
f= — >, radius being unity ; hence, the tangeq^ of AK= 

8U1. AK ^ 2 3'' * rt 

«>8. AK . n — I _. , , c ^ ' 

^_n . 2/«-*i;» + &c. 

dividing the numerator and denominator by ^) 
y 2 3 y^ 2 3 



1— n , ._-+&c. 1 — n.— — .r+&c. 

2 J/* 2 

Prop. CVII. 

To resolve v^^ — 2xv^+l=0y into its quadratic divi- 
sors^ the limits ofx being + 1 and — 1. 

179. Retaining the notation in Art. 176, we have 

X + >/ x^—l^^=y+>/ y^—l^ I . Putt;=j/+v^i/*— 1* ; 
transpose y and square both sides, and we get v^ — 2yv 

= — 1*, .•. v^—2yv+l^=0. Also, t;«=;c+^^;c^— 12; 

hence, by transposing at, and proceeding as before, we 

get T)*** — 2xv^ +1=0, the given equation, of which 

we have one quadratic divisor v^ — 2yv + 1^ = 0, t; 

being the same in both equations. Now if to the arc 

AK, we add 360°, 2 x 360°, &c. we shall come again 

to the same point K, and consequently we shall* have 

the same cosine, or x ; hence, x is the cosine of 

AK, 360° + AK, 2 x 360° + AK, &c. But y is the 

cosine of an n^ part of that arc whose cosine is X'y 

,_ . ^, . .AK360°+AK2X360°+AK 
hence, t/ IS thecosmeof , ■ , -I- , 

n n n 
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r 

Sscc. which cosines call «, A, Cy &c« substitute therefore 
these values for y in the equation v^ — Sj/v + P s=s o, 
an4 we get v*^— 2av + 1» ^ 0, v^—2bv + 12 = 0, t^^— 
2cv + 1* = O, &c.4br the quadratic divisors required ; 

hence, v^ — 2av+l^ x -y* — 2lrv + 1* x &c. = v*"— 2;ny» 
+ 1*% retidning the power of the radius in the last 
term. Although there are an infinite number of arcs 
whose cosines are x^ and consequently an infinite num- 
ber of ccyiesponding values of y, yet there are only n 

different y2lMts of y ; because, after taking n arcs, , 

n 

— 21 , &C.. the same cosines will return again. 

n 

If ;ir = ± 1, or if AK be taken equal to the whole 
circumference, or half the circumference, the equation 
becomes v^ :f 2v^ + 1=0, whose square root is v^ qp 
1=0; now as every equation which is a square, must 
have to every root another equal to it, the equation x>* 
71=0 must contain the same roots as v*^ ^ 2t^*» + 1 
=B ; the roots therefore of t;** q: 1 =0 are found in 
like manner. 

180. Hence, we may find the quadratic divisors of 
Tysn — 2;vr"i'"+r*"=0,, which is the equation v^* — 2xv^ 
+ 1=0, having its roots multiplied by r {A/g-. Art. 
282.) ; multiplyipg the roots therefore of the above 
quadratics by r, we have v^ — 2arT;+r*=0, x;2— 2^rt;+ 
r2=0, &c. for the quadratics required. If AK=90°, 
then ^=0, and the equation becomes v^^+r^^^O. 

Prop. CVIII. 

P— Qi; 



To resolve ^nto - 

1 — 2ArT« + i;2n 1 _ c^av + v^ ' 

+ &c. .V being the same as in the last pro^ 



1 — 26v+t.» 
position. 
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181. Let the roots of 1 — 2oct^ + t;» = O, be — 1^ 

m p 

— , &c. then as this is a recurring equation {^Alg. Art. 

289), the corresponding roots will be m^p^ qfiic. Assume 
1 A ^ B . C , „ 

1 — 2ocv^ + V*" 1 — tnv 1 — pv 1 — yv 

then reducing these to a common denominator, we 

have A X 1 — pv x i — yvX&c+B x 1 — mv x 1 — yv 

X &c. + &c. as 1 ; let 1— mv = 0, then v ?» — ; hence, 

m 



A X 1 -A X l-i.x8cc.-l, or Ax^:^ X 2^=2 X 
'mm' mm 



&c.al ; or if Ti;=m— /i X m— y X &c. then A X 



w 



m2»-» 



m^*~* 

= 1 : hence, A = . In like manner we find B* 

w ' 

C, &c. by making 1 — fiv «= 0, 1 — qv = = 0, &c. Now 

as 1 — ^xv^+'v^^v — m X"^ — t^ X-v — q X &c. take the 

fluxion, omitting f, and 2wt;2"-i — 2nxv^^^ = v — /t 

X V — q- X &c. + V — m X -v — q X &c. + &c. now let 

vz=im^ and it becomes 2nm^^'^^ — 2nxm^-^ =zm — fi x 

=:^ 1= . 

• For the same reason, B= . 



2nm^ — 2nx ^^n/i^ — 2nx 

o T.- A . B A+B— // A -f mB xv 

&C. Now = X -i— ; 

1 — mv 1 — /i v i^2av^v^ » 

and as 1 — 2flT;+x'*=l — mv x 1 — /ivi=: t ,~^ m+/i X v 
+mfiv\ we have m+fiz= 2a, and mfi = l. Also, A = 

, B = - — ^ ; hence, A + B sr 



m^ 



2nm» — 2nx 2»/»» — 2nx 
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=0, therefore v^A — =2:v; now for v substitute m, and 

1 * 1 

m* H »2;c ; but w/fc=l, and yi= — ; hence, m**-f/i» = 

2x ; consequendy A + B = -— = 



4nxl-^ 1 Also,M+-B= -'^^ 



4n2xl— :c* n 2nm'' — 2nx^ 

Sn/?** — 2nx " 

2nm X ni^t^ + 2n/^ X ^w**/?** — 2nxfi x w** -^ 2n:cm x fi^ 

4w* X 1 — x^ 
(the common denominator being the same as in the 
value of A 4- B) = (as fim = 1, m -f/i = 2d) 
2n X 2a — 2nxfim X '^z""* — 2nxfim X Z?*^* 

472* Xl ;t^ 



4nfl — 2nx x w""* 4- '^'*"* ^.^ • 
' — • Now rnn+ fin == 2x^ where 

4n* X 1 — x^ 
X is the cosine of an arc which is to the arc whose 
cosine is a, as n : 1 ; for the same reason m"^^ + 
fp^^ = 2e^ if e be the cosine of an arc which is to the 
arc whose cosine is a, as n — 1:1; therefore /? A -f 



« 4nflr — 2rwx2^ Or^ex „ A 

wB = = . Hence, 



4n>Xl x^ n — ^^ 1 — ^^ 

1 a— f?A? 

B n n-^-^nx^ ^ , 1 

iZ:?;;" l-aop-H'* • Conaequently ^^^^^^ 
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= i-2av+v^ ' + l^^Zbv^- +*^ where/18 
found from b^ in the same manner that e is found 
from a ; and so on. • 

182. If x* be negative, the given quantity becomes 
1 

183. In like manner, will be found equal to 

-f^cc. where A= — , B= — , &c. and if 



1 — mv 1 — /iv n n 



X — mv X 1 — pro = 1 — 2ar+v», then 1 

1-— mv l-^pv 

2 2a 
Xi; 

= r — ' — —-r f and so on ; n being an even number. 
1 — 2av+-v* °. 

If n be an 0^^ number, then of the equation 1 +t;»=0; 

one root = — 1 ; hence, 1 + x;=aO is one of the simple 

equations ; and as the other part is made up of quadra- 

2 2a 1 

tics, we have — -^ = ~ — + &c. + — — . 

' 1+x;" 1 — 2av+i;' ' l-f-v 

If n be an odd number, the equation 1 — - v'* = O 

n — 1 
contains one simple equation, and — — - quadratics. 

Now the equation 1 — x>« == o, has one root «1, con- 
sequently the simple equation is 1 — v == 0. Hence, 

2 2a 1 

Xv — 

Inn Cr ^ 

1— x;**"^ 1 — 2av^v^ "^ ^•'^1— ti* 

If n be an even number, 1 — i;" = has two roots, 
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-—1, +1; therefore two of the simple equations will be 

2 2a 

. XV 

^ -. ^1. 1 n n 

1 — 1; = 0, l-fT;:?0; hence, . ■ - =-; — - — --^ 
' ' l-—ii» 1 — 2av+v* 



1 V • l+V 

Prop. CIX. 

an^ fAe same as in the last proposition. 

184. Retaining every thing as in Art. 181. we have 

1 . a — ex , 1 . b — fx . 

— r vv — 7?— ^—w 

. n n — nx^ n n — noc^ . « , „ 

^ 1 + 2av -f. 11* ^ 1 — 2^v + v* ^ 

ent of each of which quautities is found as in Art. 139. 



Prop. ex. 

Let F= ' — ^, n being an even number^ to find F. 

2 . 2a * 2 . 2^ . 

^.^^j;ii n n n 

185. By Art. 183. F = , ^ - + - — strrT 

+ &C whose fluents, are found by Art. 139. 

2 . 2a . 
— V — I — vv 
■ * n n 

Jf n be an odd number, then F = :; — -— ^ 

' 1— 2ax;+ir 

1 . 



n 



J.&C. + whose fluents are found by Art. 139. 

1 + V '' 

and 45. 

2E 



SIO MiUcellaneous Propontiom. 

Prop. CXI. 
Let F= j^, n being an even number j to find P. 

2 . 2a . 1 . 

— T— , — vr — r 

186. By Art. 183, F=iL-— -^ j.&c.+-^ 

1— .2av+v* 1— tK 

1 . 



+ -r-— , whose fluents are found by Art. 139. and 45. 

If n be an odd number, we have #* = 
3 . 2a . 1 . 

\ — -z — T^ + &c. +7-7- , whose fluents are found by 
Art. 139. and 45. 

Piior. CXII, 

To demonstrate Cotes's properties of the circle. 

187. Retaining every thing as in Art. 179. we 
have V*" — 2;tTy"-f 1*" = 0, of which v^ — 2yv + 1« = 
is a quadratic divisor. Assume any point P, and draw 
PB, and put x; = PO ; then BO* = BPa + PO«+2PO 

X PE ; that is, 1* = BP*+t;3+2T;xy — v = BP« — v* 

+2tfv i hence, BP^= v^ — ^2j/v+l*. Also, y is the co- 

^AK 360°+AK 2X360°+ AK . ^ 

sine of , , ■ >, etc. whose co- 

n n n 

sines are a, bj c, &c. and 1^ ^^2av + 1* X v*— 2dv+l* 
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xScc^stJ^** — 2;eT5"+l2". Now let AK be the whole cir- 
cumference C, then the above arcs are — , — , — ,&c. 

n n n ' 




12 3 
or the — , — , — ^ See. parts of C ; that is, if the whole 
n n n 

circumference C be divided from A into n s= parts at 
B, C, D,&c. then the cosines of the arcs AB, AC, AD, 
&c. are a, b, c, &c. and x=:l ; hence, from what we 
have already proved, PB* = 7fl—2erv+l^^ PC* = rf^ — 
2*» + 1*, PD* = 15« — 2cr +1«, &c. consequently PB* 
xPC«xPD*x&c. = TD^ — 2i5»+l«» ; hence, by taking 
the square root, we get PB x PC X PD x &c. = i5» 
~1», or l«-.^i?»=sPC>»— AO", or AO»— PO«, accord- 
ing as PO or AO is the greater, or according as P is 
without or within the circle, for every thing holds the 
same whether P be within or without. This is one of 
the properties of the circle. 

188* Let these divisions be again divided into two 
equal parts at bj c, d^ &c. then the whole circumfe- 
rence will be divided into 2n equal parts, and there- 
fore from what is already proved, Pb x PB x Pc 
xPCxPfl^xPDx&c. = A02«— PO««, taking P with- 
in, for instance ; divide this by the above equation, 

o«^ «r^ rr^t ^^ X PB X Pc X PC X Fd XPDX &C. 

^^''^S''^ PBxPCxPDx '&^ == 
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Ao'^HpoT ^ thati8,P*xPcxPrfx&c.«AO« + 
PO*, which is the other property. 

Prop. CXIII. 

Let AP be the abscissa of any curee^ PMNQ an or^ 
dtnaterevohingaboutanypxed point P^and cutting' the 
curve in as many points as it has dimensions; and draw 

the tangents My, "Sx^ Qw, i^c* then will —-+—- + 
. I ry rx 

^- + Cs'r. (the sum of the reciprocal subtangents) be a 

constant quantity. 

189. Let the equation of the curve be t^-^+b'xx 
y*-«+ &c. +*^— y;tf*^*+&c.s=0 ; and corresponding 
to AP the abscissa (x\ let a, b, c, &c. be the values 
of y ; then, by the Elements of Algebra^ Art. 267. 
axbxcx &c. =z/PA^-— jrji(*^^-t.&c. take the fluxion 




of each side, and abc &c. -f bac &c. -f cab &c. + 

&c.=an/&:^-*a? — n — 1 x^^"^i'+&c. divide this latter 

h 

equation by the former, and we have 1- —- + -^ 

abc 

o npo(f^^x — n — lxy^*^i? + &c. ^ a 

+ ^';' "" p^-qo^^ + hic'. ' ^^^^^' Tdo 

. ^ . ^ . J8,^ w/&a:»-1 — n— lxyjf«-"* + &c. . ^ 

+1-7 + -T + <XC.=S ■ ■ —-f L—.. ; but 

^*a?^cii?^ /»;v* — y;c^"-» + &c. ' 
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• • • 

n. h r 

Art. 23.) — r, rr-^ — r, &c. are the reciprocals of the 
' ax bx ex 

subtangents P^, P;v, Pw, &c. ; hence, (dividing the 
numerator and denominator on the right hand side of 
the equation by p, which will not alter its value) 

P - t . J_ . JL +&C 

But by iSoR Algebra^ Art. 525, the roots of the equa- 
tion *» — 3. ;c»-*+&c.=0 are AB, AC, AD, &c. what- 

P 
ever be the ang^e at P; hence, (JJgebra, Art. 267.), the 

coefficients of a^ — 2^-i+&c. are constant ; and if P 

P_ 
be assumied a fixed point, x:i& invariable ; hence, xi^ — 

-2- a;*-* 4- &c. is constant, and n;«**~* — n — 1 . -2-:v"-^ 

P P 

4&C. is constant ; therefore the sum of the reciprocal 
sul)tangents is a constant quantity. « 

Prop. CXIV. 

Given the arc of a circle ; tojtnd its sine and cosine. 

190. Put the radius O A = r, the arc AB ?= z, its 
sine BE = Xy cosine 0£ = y, and produce B£ to D ; 

then (Art* 46.) % : — ^ : : r : ;v= — r^. Now corres- 

ponding to the same value 0£ of y, z may be either 
AB or AD ; but the arc beginning at A, if we con- 
sider AB as positive, AD will be negative, therefore 
every positive value of z^, has a negative value equal 

* If every positive value of z have a negative vulue equal to it, 
the equation whose roots fure those values of ^^ will have only the 
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to it ; hence, by the note, if we assume y in a series of 
the powers of z, only the even powers of z will enter. 




Assume therefore y=z r+az^+bz^+cz^+kc* the first 
term being r, because when z = 0, y^r; hence, y = 

2fl?» + 4fe'i; + 6cz'% + &c. therefore ^ (= "^ ) 

=: _ 2raz — 4rte* — fircz' — Sec and i?= — 2rai — 
3,4rte*» — S.6rcz^x -*i 8cc. But (Art. 46.) iixii 
r:y; hence, ys) = ri?, and ^ — rdbz^O; nowinthis 
equation, instead of y and x substitute ^eir values 
above found and, we have 

rz+ az^&+ *2^«'+&c.l _Q. 
2r»ai+3.4r«te«ii+5.6r»cz*«;+&c. J "" " » 
hence, (Art. 1 10.) 2r*a+r = 0, 3.4r«A + fl = 0, S.6i^c 



+ b=zOj &c. consequently a = — ; * = — 

2r 3.4r* 

1 —ft —1 . 

2ZiP^ ^ = 5:6r» = 2.3.4.5.6r' ^ ^"- ^^'^"^^ ^ = 

z' z^ z* 

^— IT + rr-n— ^ ^ ^ ^^ . +&C Also, — 2ra=l ; 
2r 2.3.4r* 2.3.4.5.6r* ' ' 

-^•1 1 

«4rft= ; — 6rc = r—r-; — i ; &c. hence, ;r = z — - 

2.3r2 2.3.4.5r* ' 

z^ ..., z* 



If- l_-_&c. 



2.3r« ' 2.3.4.5r* 

even powers of z ; for if zssa, z^^i'^Of then z--asssO, z^^-atssO,' # 
and consequently the quadratic from these two will be z'* — <zSas 
; and as every such pair of roots will form a similar quadratic^ 
it is manifest, that the equation formed by the multiplication of 
these quadratics, will contain only the even power oiz. 
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Prop. CXV* 

To find the sum of the series — + _ -f _ + &c^ , 
ad infinitum. 

191. Put the radius AO = 1, EB = ;c, AB = 2 ; 
then (Art. 190.) x^z — ^^ + 5-^TT — ^^* ^^^ 



2» . 2* 



»»0, and then 2 — -- H : &c.aB=0, or 1 — 

' 2.3^2.3.4.5 



2» . 2* 



-—+ &c. = 0, the former equation con- 

2.3 2.3.4.5 ' ^ 

taining one root « 0, it being divisible by 2, or 2 — O, 
{Elem. Alg. Art. 266.), which 1| taken away by divid- 
ing by 2. But if c es the semf-circumference of the 
circle, the other values of 2, corresponding to ;v = 0, 
will be Ic^ 2c, 3c, &c. ad infinitum, and by tak- 
ing the arcs in a contrary direction, they will be 
— Ic, — 2c, — 3c, &c. aa mnnitum (Elem. Alg^ 
473.) J hence, these values of z are the roots of me 

2* 2* 1 

equation 1 1 — &c. =0. Put z =« — ^ and : , . 

^ 2.3^2.3.4.5 ^ ^ y . ^ 

the equation becomes 1 - ^ + _l_j_&c. '^ 

sa ; multiply it by t/», and it becomes y» •— ^— 

4, y^ — &c. Bs 0, which equation contains n roots 
^2.3.4.5 ' ^ 

asO, the other roots remuning the same. But as yms — ^ 

the values of y are — , — ^ — , &cand — --, -~-, — --, 
^ Ic 2c 3c Ic 2e 3c' 

&c. ad* inf. Now (J/^. Art. 349.) the sum of the 
squares of the roots of the last equatioa is 4 ; and the 



•♦ 



"^^ 



m • 
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squares of die positive values of y being the same as 

2 2 

the square of the negative values, we have — .| — -- 

JL C A Cf 

4 

+ 3^+ ^* ^°*^ =* y consequently- +- + — + 

&c. ad inf.ss — • 

6 

Con 1. In like manner we may find the sum of any 
of the even powers of the reciprocals of the natural 
numbers, by assuming the sum equal to its value 
given by the same Art. in the Algebra, For instance, 
the sum of the fourth powers of the roots of the equa- 

tionisl; hence, A.+^^ + ^ + &c.=l, con^ 

The sum of the reciprocals of the oddpovrex& cannot 
be found by this method, because the odd powers of the 
negative roots destroy those of the positive* 

111 c* 

Cor. 2. By transposition, 1. _ ^ _ ^ &c.s-- 

1. O 3 O 



22 4* ^'"^"e 2* 1» 2» "*■ 6 

-s- X — =— • And in like manner, we may find the 
2' 6 8 ^ J 

sum of the reciprocals of all the even powers of 1,3, 
5, &c. 

Prop. CXVI. 

Supposing the force of gravity to vary as the n*^ 
power of the distancefrom the centre of the earthy and 
the compressive force of the air to vary as its density ; 
to find the density of the air at any altitude abo^e the 
surface of the earth. 
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192. Let the radius of the earth = 1, ds^ the dis- 
tanqe of any pomt above the earth's surface from the 
^centre, i; = die density of the air at that point, the 
density at the surface being unity ; h = the altitude 
of an homogeneous atmosphere. Now it appears by 
experiment, that the compressive force of the air varies 
as its density ; consequently the fluxion of the com- 
pressive force must be to the fluxion of the density, as 
the compressive force is to the density, and this ratio 
is the same at all altitudes* Now at any distance x 
from the earth's centre, the fluxion of die compres- 
sive force must be in proportion to ,the force of gra- 
vity, the density, and the fluxion of the altitude ; 
hence, A^Txrhas a constant ratio to -«-7?, writing the 
latter fluxion with the sign •— (Art. 16.), because v 
decreases as x increases; and accovding to this represen- 
tation of the compressive force,, A will represent the 
compressive force at the surface Salience, hil :: o(f^vx : 

►— r, therefore o^x = — Jtx — and -f = — ^^xh. L 

V n + 1 

'z; -f-C ; but when x^l^ t/sel, and this equation be- 

eomes — ->- » C ; hence, the correct fluent is =: 

n+1 n + \ 

1 1— ce"+* 

— Axh. 1. v H -> consequently aAxh« 1. 

w -f- 1 ^ th 1 

V, an equation expressing the reladon between the al- 
titude and density. ; 

Cor. 1. If we suppose the force to vaty inversely as 

die square of the distance, n becomes -—2 ; hence, — 

x 

— - Is A X h. 1. V ; if therefore x increase in musical 
progression, — ^ will decrease in arithmetic progression,* 

and consequendy die h. 1. v will decrease in arithme* 
tic progression. 

Con 2, If the force of gravity be supposed con« 



■ 
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stant, n a ; hence, l.~;ca hxh. h v ; and if x in- 
crease in arithmetic progression, then 1 — x will de* 
crease in arithmetic progression, consequently the h. L 
V will decrease in arithmetic progression. 



, I 



Prop. CXVIL 

To find the time in which a vessel AhCDfillidwith 
afiuidj xvill empty itself through a very amaU orifice m 
at4he bottom* 

193, Put a = 32J. feet = 386 inches, x^mn the 
depth of the Quid at any point of time, zsthe area 
of the surface PQ of the fluid, m=;the area of the 
orifice, t =» the time in which the surface of the 
fluid descends from PQ to BC. Now it appears 
by experiment, that the velocity of the fluid at the ori- 
fice is that which a body acquires in falling down \x^ 




•F 



supposing the orifice to be very small compared with 

the surface of the fluid ; hence, by Mechanics^ V^a 

: V^x :: a: s/ax rs^ the velocity (per second) at the 
orifice ; and by the Principles of Hydrostaties^ z : m 

m 

: : Vax : — xVax the velocity with which the surface 



descends ; hence (Art. 81.), i = 



a? 



zx 



2 



the fluent of which, corrected when necessary, gives ^ 
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EXAMPLES. 



Ex. !• Let the vessel be a cylinder or prism. 
Put h »= Em its altitude. In this case z is constant, 



and i =» — = = = X x'^x^ whose fluent is < « 

mVax mV a 

Sizx^ Sz f X 

=- = — X v — % which wants no correction ; and 



^^ a ^ 

when x^hjtsss—x \ — » the time of emptying. v 

Ex. 2. ie^ -4^ BCD be thefmstrum of a cone. 

Put Fw =« <^, TwB = ^, Em=e, J&=3,14159 &c. then 
Fn :s=c±;c, the sign + or-— teing taken according 
as the less or greater end is downwards ; and (FA, 
FD being now right lines) by similar triangles, c : d 



pd^ 



::c±;c:P7t=s — xc±xi hence, z « ^ X c ± ;v* ; 

c c* 

consequently i = — ^ XJC^^X c±x X a? = ^ i, 

X (?x^^&±2cx'x +x^x^ and f = — ^- — = x 



^*: 



mc^a 



^c^x' ± ^Jf* + f A?', which re quires no correctio n ; 

pd^ ^ 3 5 

and when ^ = e, * = — ^- — =i X 2c*c'' ± ^^^^ + 1^^> the 

whole time of emptying. 

If the ori^ce be a circle whose radius = r^then m = 



mM.9 ^m ** w« 

pf* i consequendy t = = x2c*^* ± ^e^+^e^. 



d^ ^o^3 ^ ^ 

Cor. If the base be downwards, and we take the 



/ 
\ 
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whole cone, then c = ^ ; hence, t = =. x — c* =r 

=:• the whole time of empty inir. 

If the vertex be downwards, and the orifice be so 
small that we may consider £m as equal to £F, then 
cssO, dzziO ; but because c is always to ^as F£ : EA, 

J- 17 A^ 

.•. when c and d vanish, we may consider — = cttj ;' 

EAa * ^, f 2EA«xVFE . , - 

hence, ^=-— — -— =Xff = = — the whole 

FE»xrVfl Sr^a 

timeofemptymg. 

Ex. 3. Let BFC be a hemisphere Ending on its base* 

ff 

Put the radius mB = mF = r ; then Pn* = r« — a^, 

-:; r 1 . PX^f* — X* X iv 

andzss/'Xr* — ac«; hence, tsz U ^ = 

mVax 

-..£-— X r^x'^db '^x'^dbj whose fluent is t = — £■= x 
ntVa niS/a 

1 5 

2r«;c^ •— ix^j which wants no correction ; and when 

x=:r^t^si ^-=. X r^> the whole time of emptying, 

SntV a 

If the orifice be a circle whose radius is w, tiien m=s 
pw^ ; hence, t « ,— —-. 

If the hemisphere stand on its vertex, Pn' = 2rx 

— x^i hence; z^pX^rx — a;*, eonsequentiy i = — ^=: 
mV a 

X^rx**—^'** whose fluent is t=a — A=x4r;v'— 4*S 
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which requires no correction ; and when a? = r, < = 

£-.-.=- -;, the whole time of emptying. 

ISmVa 15n^\^r 

Ex. 4. Let BCF be a paraboloid standing on its base. 

Put its parameter = r, its altitu de Fm = e, then 

r X e^— <« = Pn*, and pr x e-^-^ = z ; hence, i = 

J—^ X ex'^^x — x^x^ whose fluent is ^ = ^ _ x 
2^Af*— rfjc', which requires no correction ; and when x 



=f , ^= — i- — = = =u the whole time of emptyine* 

3wV7 3wVa ^^ ^ 

If the paraboloid stand on its vertex, Pn* = rx ; 

hence, z = /pr^: ; xonsequentiy f=^ — =r, and tsz 

mVa 
s 

J- — =., which wants no correction j and when xsze, 
SmVa 

3 3 

/— — £ — =r = pr, the whole time of emptying. 

3m ^a 3w*va 

In like manner, whatever be die form.of the vessel, 
we may find the time of emptying, substituting into 
the value of iy the quantity z expressed in terms of Xy 
and then taking the fluent. 

Prop- CXVIII. 

If a petfectly flexible chain ACB, of uniform density 
and thickness J be hung upon two pins at A and B ; to 
find the curve into which it will form itself 

194. Let C be tiie lowest point, draw the axis CD 
perpendicular to the horizon ; draw also £F, Gn per- 
pendicular to CD ; Fn a tangent at F, and Fm perpen- 
dicular to FE. Now assuming any part CF of the 
chain, we may consider it as if it were perfectiy rigid ; 
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for conceive CF to become perfectly rig^d, and it iH 
manifest that no alteration whatever can take place ; 
for the gravity of the chain gives CF a certmi situa- 
tion ; and if we make that part to become infleidble, y^t 
add no new forpe ; we only suppose a cohesion to take 
place between the constituent particles whilst they are 




sd disposed. Considering therefore CF as a perfectly 
inflexible body, it is kept at rest by three forces ; at 
C by the action of the part BC of the chain in the 
direction Cz of the tangent at C ; at F by the action 
of the part FA of the chain in the direction ¥n of 
the tangent at F ; and by its gravity in a direction 
parallel to EC ; but * Cz is parallel to mn, and C£ to 
rriF ; hence, these three forces act parallel to the three 
sides of the triangle Vmn^ and consequently will be re- 
spectively proportional to them, the body FC being at 
rest. Put CE=jv, EF=f/, CF=z, then (Art. 23. and 
27.) Fmzsa?, 7»7i=y, Fn=». Now the chain being 
of uniform density and thickness^ the gravity of any 
part CF will h^ in proportion to its length z ; also, let 
a = the tension of the chain BC at C acting in the di- 
rection Cz, a constant quantity, it not varying by 
changing the point F. Hence, (sr : z : : e^ : a?, .*. axr=si^g ; 



a^x^ 



but i» = i?* + ^^ = *^ + — J-, therefore z^«« = z^x^ + 

• As by Mechania, these three forces must be directed to one 
foint, if the two tangents »F, zC be. produced to meet, the inter- 
section must be in the line of direction pasun^^ through the centre 
«f gravity of FC. 
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a'i?*, consequently 07= — ==-, whose fluent(Art. 39.) 

is :v = V"^+?+ C ; but when ;v = 0, then z =» ; 
hence, the equation becomes 0= a -f C, and Cass — .a ; 

therefore the correct fluent is ^ = V fit*+2a--a, and by 
transposing a and squaring both sides, o(^ + 2ax = 2*, 
the equation of the curve* This curve is called the 
Catenary. 

Prop. CXIX. 

J^ the chain ACB be of uniform thickness ; to find 
the law of weight and density^ so that it may form it' 
self into ant^iven curve. 

195. 'Let w s= the weight of any part CF. d = the 
density at F; then by the last proposition, a iw \\ij \x^ 

therefore w « a x — Now w=^d%; hence, dss ^. 

miff ^f* 

But w=^a X — , and if z/ be made constant, w^a x — i 
hence, rf » — , which gives the law of density. 

EXAMPLES. 

Ex. 1. l.et the curve be a circle whose radius is r. 
Here, sbiy ::y: r — x ; therefore w f = a x -r ) == 

a X -^= a X tan. of CF; the weight therefore of any 
r — X "^ 

part CFvariesas the tangent of CF. Now, 2/'=2r;^ — x^^ 

and yy=irdb — xi, and (making y constant) y^ = w — 

XX — xK therefore x=: ri^ = = f because r : y 

r— cc r — X ^ ^ 

.. r^a^ . r — xx^. j . rx 
: : » : a?) ; also, y = -1— , and;?/ =s — ; 

y^Xr—x y y 
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Iience 



.4=S)= 



ar*di* 






ar 



The density therefore varies inversely as the square of 
the cosine of CF. If therefore the arc be a senu- 
circumference, the density at the highest point is in- 
finite* 

JBx. 2* Ltt the curve be a parabola* 



Here, px^y*; therefore, x = 



hence, ~w 



CF varies as the ordinate FE. Als o, (ii^ b e constant) 
;^-i£;but(Art.54.Ex.30i=^^^-L^ 



ting c^ip ; hence, rf^ = — J = 



, put- 
The den- 



rity therefore varies inversely as Vy*+c*, or inversely 
as the normal ( Art. 24. Ex.). 

Prop. CXX. 

Let CAD Be a plane figure^ or a solid generated by . 
its revolution about its axisy moving in a fluid in the di- 
rection of its axis B A ; to find the resistance of the 
curve line CAD, or of the surface of the solidj to the 
resistance on the base CD. 

196. Draw FQ«v and wr parallel to AB, rst^ 




QPy perpendicular to AB j then if AP ts Xy PQ = y^ 



_ • 

MisceUaneous Propositions. 225. 

QA ss z, it appears from Art. 23. tind 27» that uiti*. 
inately, by bringing r up to Q, Q* = a?, *r = i/y Qr 
= z* Draw the tangent QG, and let fall the perpen* 
dicular FG upon it, and also GH upon FQ« Now let 
FQ represent the force of one particle of the fluid, 
then it that particle struck the base at Vj its whole 
force would act to oppose the motion, because it acts 
perpendicularly to the base, and therefore no part of itSv 
force Is lost ; but striking the curve at Q obliquely, 
if the force FQ be resolved into GQ and FG, then GQ 
is here supposed to be lost by the obliquity of the 
istroke, and FG to be the only effective part ; but this 
not being opposite to the motion of the bbdy, we 
must resolve it into FH and HG, and then FH is that 
part which opposes the motion of the body, and HG 
IS destroyed by an equal and opposite force of a par- 
ticle acting at a. Hence, the force of a particle at v : 
force at Q :: FQ : FH :: (because FQ: FG :: FG : FH) 
FQ* : FG* : : (by sim. trian.) »* : */*• Now the quantity 
of fluid striking Qr and vw is the same, and in pro- 
portion to sr or i/. Hence, if we consider it as a 
plane figure, as the whole force is as tjie number of 
particles X force of each, yre have the force against 

:force against Qr : : ^ : ^= -^^ = — 1- ; 

hence, the whole resistance on the base : that on the 
curve : : the fluent of *;, or j/, : fluent (F) of — ^L-, 

For a solidj the number of particles striking the area 
generated by vw will be as vw X circum. described by 
V, or as vw xyor^sytf; hence, for the same reason, 
the resistance on the base : that on the surface : : the 

flu. of yi/, or iy«, : flu. (F) of -^ 

2 G 



vw 



986 Mkcellaneaus Propotttiom. 

EXAMPLES* 

Ex* 1. Ltt ACD be an isosceles trian^e. 
Here the plane b a triangle, and x i ^ii xxy iia 
(AB) : b (BC), •*• — =: -^ ; hence, the resistances ar^ 

as V : flu. — ^-5 : : y : — ^^ : : ^ +d* : ^ : : AC« : 

1+r. 14.-- 

BC*. The same is true for the cone^ or for any j&m- 
ma^ie solid* 

Ex. 2* X^l CAD be a semicircle. 
Put ABaer, then y*««2r;p-^; hence, ires -^^^ :s 

y^ and ^ ^ ; .-. F= ^ ^tS^^ 

and F=v — — ,; hence, the resistances are as v : y -■ ^ » 
which, when t/ » r, is as 3 : 2. 

£jf- S. 1>I CAD ^^ a hemisphere. 
HereF !!l^ = i!fc^»d F=te._ 

-^; hence, the resistances are as it/* ^ Iv* — ^, which, 
4r* *^ "^ 4r* 

when 2/ = r, is as 2 : 1. 

jB:c. 4. Zef the solid CAD be generated by a cycloid 
AC revolving' about AB, BC being the axis of the cy^ 
xioid. 

Jf a=:BC, then y=2— . — by the nature of the curve; 

4a 
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hence, 1/ = i- ^, ... F=t V^'^f = yy><2a-V ^ 

^^^^— ^1 — ^^yy—--^ and F = |y*-.— ; hence, 

the resistances are as |y^ : ^y« — .21, which, when y a 

3a 
€1, is as 3 : 1. 

197. Considering the body as a «i0/i^/, and the force 
of a particle on the base as constant, the force of a par^ 

tide on the surface oc 1^ and the area generated bjr 

*^ 

rs being as yt/, the resist^ce against QR OC ^S^ 



%" 



%WW%^/% V <i> W < » W 



0*r MERCATOR^s PROJECTION. 

Prop. CXXI. 

IfVbe the pole af the earthy EQ the equator^ PE, 
PR, two meridians^ mn a small circle parallel to ER ; 
then the length of a degree of latitude : the length of a 
degree of longitude Qtxskw radius : the cosine of the fa- 
iittuk ofm^ supposing the earth to be a sphere. 

198. For let PC be the radius of the earth ; drair 




wr, nr perpendicular to it, and join ]^i RC« Then mff 
nr being paiaael to £C^ KC te^ctively, liie doi^ 



X 
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mm = ECR ; hencCf by similar sectors^ ER iinn: i 
EC : tnr the cosine of mE. But when the angle is given^ 
the length of an arc of a degree is in proportion to the 
radius ; also, the length of a degree of the great cirdc 
£R is a degree of latitude ; and the length of a degree 
of mn is a degree of longitude at m ; hence, a degree of 
latitude : a degree of longitude : : radius : the cosine 
of latitude. 

In Mercator's Projection, the sphere is projected 
upon a plane, and the meridians EP, RP are straight 
lines psirallel to each other ; consequendy P must be 
At an mfinite distance from the equator EQ. In this 
case, the arc mn being the same at all latitudes, the 
length of a deeree of longitude is everywhere the same; 
to preserve, uierefore, the proper proportion between 
th^ degrees of latitude and longitude, the degrees of 
.latitude must increase as you go from the equator, so 
that they may always be to the degrees of longitude in 
the proportion of radius^to the cosine of latitude. 

Prop. CXXII. 

A this projection^ it is required to find the length of 
an arc of the meridian^ corresponding to any given la- 
titude. 

199. Let P be the pole, E the equator, PCQ a 
diameterof the earth, C the centre; m any place on 
the surface ; draw mr perpendicular to PQ, and join 




^ mP, wQ. Put Oi»2=r, Em=zx, Cr (die sine of Em the 
latitude of m)»/,an^ die lengdiof Ew on the projection 
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=5 Zy called the tneridional parts. Then by Prop. 121. 
x/r^'^y^ (cos. of lat.) : r : : i? : i> = ; but (Art. 

46.) ite ^^ ; hence, » = -I^ = S" ^ ::r^» *•• 

2 =1 X h. 1. H^ + C (Art. 45. Ex. 6.) = r x h.L 
2 r— y "^ 



^ r— w ^ ' 



by the nature of logarithms. But by Plane 

Trig. \/;5II^ (mr) : r+tf (rQ) : : r (rad.) : ^ ^^'^'^ 

Vr* — V* 
i ■ ^ 

-sr V-- ^ the tangent of the angle rmO a cotan- 
gent of rCm =s cotan. of ^rQm = cotan. ^ the com- 
plement of lat. ; hence, x/^=f2!2I!lii2EPli2l-, 

, , , cotan. 4 comp. lat. . ^ . 
consequently 2=r x h. 1. ^ ^-— f- C ; but 

when 2«=0, cotan. ^ comp. lat. «r ; hence, 0==:r x lu L 

L-f C—r X h. 1. 1 + C«0+C, .•. C«0 J consequently 

- , cotan. 4 comp. lat. ^ v . ^ , 
z »r X h. 1. 2 L ear X h. L cotan. | comp. 

{at — r X h. 1. r, the length of the meridian £m in the 
projection* 

Prop. CXXIII. 

Given the radii BC, AC of a wheel and axle^ and the 
weight p which draws up w ; to find w^ so that the tno* 
mentum communicated to it in a given time may be a 
maximum^ the wheel and axle being supposed of no 
weight. 

200. Put BC«=*, ACea ; then^^>y Meckanics^ the 
forces with which w and/» endeavour to dttoend^are aw 
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and bf ; hence, the moving force is as bf^'^'ow ; also. 




the inertia of each weight is (Art. 60.) as cfi x rv^ and 
i^X p\ hence, the accelerative force of the lever is as 

^ jT ^^lL. • and as the acceleration of any point of a 

lever must (besides the accelerating force with which 
the lever itself is made to revolve) be in proportion 
to the distance of that point from the fulcrum, the 
accelerative force of the point A, or of w, will be 

as -^^^^^^», which isas the velocity generated in u; in 

a given time ; consequendy the momentum of -iv will 

abp — a^w ahpw-^aHu^ 

DC as T-f- — - — X w = —7? ' — = a maximum, or 

b^p+aHv b^p+a^tv 

-C- — - — = a maximum; hence, f Art. 21* ) its fluxion 

bfnb — 2axmv X b^p -^ a^rv^-^Hv x bpw — cnv^ _ 
-— JLuj — ^- -ss ^ = U, or 

ofh^aw X ^/>-f aH(; — a* X bpw — ait;*=0; hence, tt;= 

IW~W b^ 

If <j=6^ w B= v' 3— t Xp' 
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Prop. CXXIV. 

Given two weights w and p^ and the radius CA of' 
the axk^ to find the radma CB of the wheels so thatp 
may draw up xcr through a giViM space^ in the least 
time possible. 

201* When the space is given, the time varies in- 
versely as the square root of the accelcrative force ; 
hence (by the last Art.), the square of the time vaiies 

as / "^, a minimum, where b is variable ; put its 
aop-^a^tu *^ 

fluxion = 0, and we get ^ = 1 J — i-— • 

• ^ f f 

If j&=rw, A=a X 1 + \/2 • 

Prop. CXXV. 

If the force tf gravity upon the earth^s surface be re- 
presented by S2\feet^ and r represent the radius of any 
circky about the centre of which a body revolves with 
the velodty v, and F represent the centripetaly and con- 

sequently the centrifugal force; then F= — . 

• 

?02. For let V = the velocity of a body revolving in 
a circle at the earth's surface, about its centre, R = the 

radius of the earth ; then ^ = ^^ sagitta of the grc 

described in I'^slGy^j feet ; and as the forces of bodies 
revolving in different circles vary as the squares of the 
velocities directly and the radii inversely {NewtorCs 

Prin. Lib. I. Prop. iv. Cor. 1.), 324 : P : : Y! : ^ . 
but 32| r= -5. ; hence, F = — . 



sss 
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Cor. If r = radius of curvature of any curve ; then 
the force being the same in the curve and the drde^ 
the same is true for the curve, r being the radius of 
curvature. 

Prop. CXXVl. 

Ltt Am be a s/enttr rod in the form o/* a parabola 
who9e axis AP is perpendiaJar to the horizon ; and 
kt a ring which can freely move upon the rod be put 
t^^an it at any point m; then if the parabola revoke 
about AP with such a velocity that the ring may re^ 
man at resty it would remain at rest at every other 
point of the rod* 

203. Put^ = 32^ feet, andi let it represent the force 




» :f — 



of gravity ; irsthe velocity of the point nt, a^=^ 

Pm ; then — = the centrifugal force of the ring (Art. 

202.) ; produce Pm tQ a, and let ma= — ; resolve the 

y 

force mainto two, one mc in the direction of the tangent 
to the carve, and the other me perpendicular to it, and 
produce it to T. Draw md perpendicular to the ho- 
rizon, and let it represent p the force of gravity, and 
resolve it into two other forces, («e mv in Ae direction* 
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of the tangent, and die other vd perpendicular to it. 
Now when the ring remains at rest, mc must be 
equal to mv* As the triangles acm^ dvm are similar to 
fwPT, wehave ' 

am { — j : mc, or mVy : : mT : PT« 

mv : dm [p) : : mV : mT. 

.-. — :*::mP: FT. 

y 

But t> varies as y; let, therefore, t; = ay; and we 
have ahf\p\ : mP (y) : FT, or c^\p\\\\ FT, which 
proportion, consisting only of constant quantities, must 
be true for every point of the curve ; therefore at every 
point mc =s mv^ and the ring would remain at rest. 
Cor. 1. If the parabola be given, FT is given, it being 

half the latus rectum ; hence, we know a = \ ^^ \ 

• • • ■ 

assuming therefore any ordinate Fm (^), we know ay^ 

or V ;.thus we get the velocity of the point m« ^ Put 

c=6,28319 &c. then cy = the circumference described 

by m \ hence, cy : v, or ay^ : : 360° : the angular velQf«» 

city = 360° X —. 

Cor. 2. Hence, if a vessel of water revolve about 
its axis, the water will rise up in the curve of a para- 
bola ; for the water cannot remain at rest till the two 
forces mCy mv destroy each other. The forces cat, vd 
acting perpendicularly to the surface of the fluid, can* 
not disturb it. 

Pnop. CXXVII. 

Let a ring be put upon a slender rod AC, and kt the 
rod revolve about AB which is perpendicular to the hO" 
rizon ; it is required.tojind how long the ring will be 
in descending from A to C, the velocity of the rody its 
lengthy and the angle CAB being given* 

204. Draw CB perpendicular to AB; put ABssOj BC 

2H 
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ssCf dssdic velocity of the point C, xsAm, v= 




C B 

the velocity of the ring at m, m = 32| feet the force of 
gravity, and t = the time of the ring's descent. Draw 
mP perpendicular to AB, and produce it to a^ and let 
ma represent the centrifugal force of the point m; 
resolve ma into two forces, one md perpendicular to 
AC, and the other me in the direction AC. By simi- 
lar triangles, c : b :: x : — = Pm, and b i — :i d: — 

c c c 

s= the velocity of the point m ; hence (Art. 202.), the 

centrifugal force ma = — -- x •;— = -r— ; and by similar 

<r bx be 

d^x d^x 

triangles, cibii -7- : me = -j- ; also, ciaiim (the 

force of gravity) : — = the accelerative force of the 
ring from the action of gravity ; hence (Art. 81. Cor.), 



d^xx . max . , f 

-\ :=w; andv = y 



d^x^ 2max 



mac 
'd^ 



)^ c 

— Vx* + 2nx. Hence (Art. 81.), ^ = —. x 
c a 

X c 

: =, and (Art. 45. Ex. 5.) e = -rxh. 1. 

Vx« + %nx « 
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n + x+Vx^+2nx+C; but when a? = 0, f = 0, and wc 

c c 

have 0=---xh. L n+C; hence, the correct fluent t:=^x 
a a 



h. L —J- — -L JL. =s (when ;c = c) --=■ X h. L 

n a 

n + c+VcHhSnc .... r , 

the whole time of descent. 

n 

Cor. 1. The accelerative force -j- of the ring in the 

direction of the rod, arising from the centrifugal force, 
is always the same whatever be the inclination of the 
rod, the length of the rod, and the velocity of its 
lowest point being given. 

Cor. 2. By similar ^triangles, c x a ii —\ mdz=, 

— -- ; and by JUechanicSy c : bum: — = the pressure 

of the ring on the rod ; hence, when —-7- = — , the 

crd c 

pressure of the ring on the rod = 0, which therefore 

- , i^cm 

happens when x =--— •• 

Cor. 3. If AC become horizontal, then a = 0, and 

vb = ■ , . Now as in this case the ring will not 

begin to move from A, we must at first put it at some 

distance r from A. Hence, v^ = — - + C, and when 

d^r^ 
T = 0, ;c= r; therefore the equation becomes = --^ 



rfV« 



4-CsO,and C=— —r-; hence, v= — xV;v»— r^ Also, 

c* c 
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hsz ~>c^ iZm^ , whoee fluent (Art. 45. Ex. 4.) is tz=: -£. 



Xh. 1. X +V^«* — r*+C ; but when /=0, nrssr, and the' 

c c 

equation becomes 0=— xh. L r+C; therefore C=s 

^ d 



c ^ + v'^c* *— f^ 

X h. 1. r ; hence, ^ = -7 X h. 1. ■ • 

a r . 

Cor. 4. If A be the lower point of the rod and C 
the higher ; then the force -— acts upwards, and the 

accelerating force of the ring = — fl ^ ^. Let the 

c* c 

ring at first be at any distance from A ; then if — be 
greater than -5- , the ring descends by the force — — 

— ; but if - — be greater than — , the ring ascends by 

d^x TncL 
the force — ; and the velocity and time may 

be found in each case as before. 

Cor. 5. Taking die position of the rod as in the last 
CoroL, and the case when — - is greater than — , 

let the ring at the distance r from A be projected 
downwards on the rod with the velocity e ; then Tr = 

d^xx max , t* ^2 ^'^ p^^^ . -r, , , 

— r ,and-- = — X — t-C; but when 

c* c 2 c* 2 c 

e* d* r^ 
^ = ^, af = r, and the equation becomes — s= _ x — ~ 

<w C ti 

mar , „ . r ^ ^ '^* ^^ . mar . 
-J7-+C, therefore C=.j— — X j+ — j hence, 
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d* _ ^ . 27na 



»32sc» +— X A^— r» + — X r—x. Make*=0» and 

c* C ' 

■ fnca Im^c^a^ , , ?i? 2macr _ ^ 
we get x=— +^-_-+r^_ ^.thedis- 

tance from A, to which the ring descends when it has 
lost all its velocity. If the value of x be impossible, 
the ring will come to A without losing all its velocity. 

If the quantity imder the radical sign = o, ^c = 2£? . 

a' 

d^X fYUL 

which is the value of x when the force — - — = : 

c« c 

in this case therefore the ring will remain at rest when 
it has lost all its velocity* If the quantity under the 
radical sign be positive, then when t = 0, the force, 

d^x TflCl 

— ^ — — acting upwards, the ring will return, and 
continue to ascend. Put n = -^, />= — + 2r«— r*; 

and we have f =— X — ===== ; let x — n=y, and 

d y/oe^—2nx+p 

x^ — 2noc:=y^ — n* +p = t/* + jr* (putting— n« +p = jr«) ; 

c ~~*^ c 

visOyXTs^gi hence, ^=-7 X , and ^=--- x — h. I. 

d \/t/2+y» « 

J/ + V"p*+y* + C5 butwhenf = 0, :v=r,.-. y=r— inj- 
andthefluentbecomesOrs-rX — h. l.r— w+\ r— n*+jf*. 



+C,and C=--x h. 1. r— w+Vr — r^-Ui^ ; hence, ^= -- 
g ^ 

the time of descent. 
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On the same principle we may find the motion of a 
ring on a curve line revolving in like manner* 

Prop. CXXVIII. 

To show when the series -r + -r + tt + ^^» ^ ^ 

1" 2* 3* 

Jinitum tsjimtey and when infinite. 

205. Let QR be an hyperbolic curve between the 
asxnnptotes AB, AC, which are {perpendicular to each 
other; take AP=ordinate PM=l,*and let P^, jr^rsfiic. 




be each =1, and draw the ordinates yar, ri, scj &c. and 
complete the circumscribing parallelon-ams, jM^ roy 
sby &c. and the inscribed Pa, jb^ rcy &c. and let the 
ordinate be equal to the inverse n^^ power of the ab- 
scissa : then will PM= — , qa= — , rft = — , scr= — . 

1"^ 2»' 3» 4«' 

&c* and as the bases of these parallelograms are each 
= 1, the area of the parallelogram qM = — , of ra=s: 

— . of 5& = — , &c» therefore the sum of all the cir- 

cumscribed parallelograms = — + ^ + — + &c. 
ad infinitum ; but it is manifest that the sum of all the 



Mtscejlatiesiw^ Pr^ositiotis. 239 

Scribed parallelograms is less than the sum of all the 
circumscribed parallelograms, by the fii^t parallelogram 
aMj that parallelogram being the sum of all the paral* 
lelograms, Ma, ab^ be, &c. each of whic h expresses the 
difference between its respective inscribed and circum- 
scribed parallelogram. . But the whole curvilinear area 
PMRC (being between the sum of the inscribed and 
circumscribed parallelograms) is less than the sum of 
all the circumscribed parallelcgrams, by a quantity 
which is less than the parallelogram qM ; these two 
therefore differing by a ^ite quantity, when one is 
finite the other is finite, and when one is infinite the 
other is infinite. But by Prop. 30. Ex. 3. when n is 
equal to or less thari unity, the area of the curve is in- 
finite, and when n is greater than unity, the area is finite. 
Hence, the sum of the given series is infinite when n is 

2ual to or k'jS than unity, 2aAjinite wnen n is greater 
anuni^ 

Prop. CXXIX. 

To determine the law of centripetal Jo^e tending to 
S, 80 that a body may describe any given curve AP. 

206. Let SY be perpendicular to the tangent PY, 
and P the place of the body. Put a^SP, tt=S Y, F= 
force in the direction PS, f=z that part of F which acts 
in the direction PY, v= the velocity at P, and 2=AP. 
Now (Art. 81. Cor.) pr=/«j but F :/:: SP : 
PY : : (Art. 32.) % : a?, therefore J»=:¥x; hence, 




vv=FXj or rather •»*= — Fa? because (Art. 16.) when 
# increases x decreases ; therefore F = — : — • But 
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(NewtotCs Prin. i. 1. Pr. 1. Cor. 1.) ©oc— ; therefore 
* ^ u 



OToc — r- ; hence, Foe-— -. 

207* Cor. Hence, whatever be the angle SPY, if v 
remain the same, then if 'd be given, dc will be given ; 
and if we suppose the angle SPY to vanish, uien it 
follows, that if the velocity (y) of a body in the curve 
at P be equal to the velocity of a body in the right line 
SP at P, they will be equal at all other equal distances 
from S. 

Ex. 1. Let AP be the logarithmic spirals its centre* 

Then xxuixai b some constant ratio, .*. ir = --- u ; 

hence, Fa— x -=• a — . 
a t^ x^ 

Ex. 2. Let AP be the hyperbolic spiraL Draw SW 

perpendicular to SP, meeting the tangent at W ; then 

by the prope|||y of the cur ve, S W=a, a consta9t quan- 

Wr=V'"a*+3? I hence, by similar triangles, 

ax ,1 11 



tity ; and 

Va* + oc^ I X i: avwsz 



u 



V a^+oc^ 



Xjf' 0^ 



X 



therefore ^ = -^ ; hence, F a Ji- a ^. 

Ex. 3. Let APB be an ellipse whose focus is S \ 
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• 

let H be the other focus, C the centre, CD the semi- 
axis minor, and HZ perpendicular to PY« Put a = 
AC, b=sCD ; then 2a — x=:PIly then by sim* tri. x : u 

: : 2a — x : HZ = , and (Con* Sect. p. 6.) 

X 



2a — X X tt* ,, , 1 2a 1 .u ade 
: — = (^ ; hence, — =7o tt^ a^d-r —tiZa 5 

therefore F « -—r oc -—- « — . 

vroc Irx^. x* 

For an hyperboUiy 2a -(- :c = PH, and the same con- 
clusion follows. 

For 2i parabola^ xocu^ {Con. Sect. p..8. Cor. 2.), there- 
foreLal,and^a£;hence,Fa " oci^ 

' Hence, a force tending to the focus of any of the 
conic sections, varies in the inverse duplicate ratio of 
the distance. 

Ex. 4. Let the force tend to the centre C of the 
ellipse. Let CK be the semi-conjugate to CP, and Cy 
perpendicular to T?y ; CP=«;c, Cyesu ; the n {Con. S ect. 

p. 13.) a» + *• = ;v* + CKS and CK z =:V€^^b»— x^ ; 

also, (Con. Sect. p. 11.) a* = « X s/a^+b^—x*^ and 

t^^ ^ , 12 ^ > therefore -j«— +__ --, and— = 
a»-|-^ — ;e» u* b* a* era* «' 

•; hence, F a -r-r a -—5 oc x. 



For an hyperbola^ F oc -^ at , which shows the force 
to be repulsive. 

Ex. 5. Let it be the spiral m Article 82. Here, SY* 

''^ ^^m f t Jm >^""gv5^^-^= ^ A.>-i: 7- 1 \ i therefore 

2 1 - 
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= , — r-T-H — T ; hence, r OC — ^oc — r- 



m+1 X^ 



m«;c»'"+^ 



x^ 



1 

If mssal, it is the spiral of Archimedes^ and Foc — 

+^- 

If m = — « 1, it is die reciprocal spiral, and F OC -j- 

:^ 1 

If m = — 2, it is the Lituus^ and F OC — — +:-5* 

■ 

When the negative part is greater than the positive^ 
the force is repulsive, and the curve is convex to the 
centre ; when it is less^ the force is attractive, and thd 
cur\'e is concave to the centre ; but at the point of 

contrary flexure F=0, or -—r- +— = 0, and x = t\/% 

as found in Art* 80. And like circumstances must 
take place in all cases where m-f-1 is negative. 

Prop. CXXX. 

The velocity of a body revolving in any curve about 
a centre of force : velocity of a body revolving in a cir- 
cle at the same distance j in the subduplicate ratio of the 
chord of curvature : twice the distance^ or in the sub- 

duplicate ratio of — : — • 

208. For (Art. 97.) let sr be a sagitta of a circle of 
curvature to any curve, parallel to the chord C V which 
passes through the centre of force ; then by sim. tri. 
sr: Cr : : Cr : CV, but Cr : the arc Cr ultimately in a 
ratio of equality ; therefore ultimately, sr : arc Cr : : 

arc Cr : CV ; hence, arc Cr = \/sr x CV; but ^r, 
dato tempore, is as the force, and Cr is as the velocity ; 
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therefore the velocity oc Vforce x chord curvature"] ; 
but at the same distance, the force is the same in the 
circle and in the curve, and the chord of curvature of the 
circle is its diameter, or twice the distance ; therefore 
th e velocity in the curve : velocity in the circle : : 

V ch. curv. of the curve : V twice dist.^. But the 

chord of curvature (Art. 101 •) is — r- ; hence, the 

u 



velocity in the curve : velocity in the circle : : y — ^ 



Ex. 1. Let the curve be the logarithmic spiral* 
Here, the velocities are equal, because the chord of 
curvature = twice the distance ; or, as u oc x^ therefore 

a? u 

Ex. 2. Let the curve be an ellipse with the force 

u 
tending to ^<& focus. Here, (Art. 207. Ex. 3.) -5 = 



X . X u la /I 2a — x\ 

-- ; hence, — : — : : -- : rr- : : ( as -r =— r; — J 
v3 ^ X u u^ b^x \ u^ b^x / 



ax 

2a — ;f : a ; therefore th e veloc ity in the ellipse : 
velocity in the circle : : S/ 2a — x : V a : : V PH : 
VAC 

Ex. 3. Let the force tend to the centre of the 

ellipse. Here, (Art. 207. Ex. 4.) -j = -^ ; hence, 

*.;ii :: LiJt ::(asa2i«=u«xCK«)CK2:^^ 

therefore the velocity in the ellipse : velocity in the 
circle : : CK : x^ or CP. 
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Ex. 4. Let the curve be the hyperbolic spiral. Here, 

f Art. 20r. r-x. 2*) -r = -r > hence, — : — : ; — : -r- 
^ or tr X u u* X* 

iix* :u*; therefore the velocity in the curve : velocity 

in the circle iixzu. 

LEMMA. 

If a body revohe in any curve^ the velocity (V) ea 
any point is equal to the velocity which a body would 
acquire in faUtng down one fourth of the chord of the 
circle of curvature passing through the centre offorce^ 
supposing the force to remain constant. 

209* By Prop* 45. in the limiting state of the arc 

PQ,RQ:QP::QP:PV = jr*. Now whilst PQ is 

described by the velocity V, the body is drawn by the 
force through RQ, and acqidres a velocity (v) whidi. 




V ■ ^ ■ 

in the same time, would, if continued uniform, make 
it pass over 2RQ; and let PL be the space fallen 
through with the constant force at P, to acquire the 
velocity V. Then 

V« :v^:: PQ^ : 4RQ> 

t;» : V* ; ; RQ : PL, bv Me chanics, 

.-. 1 : 1 : : PQ» : 4RQ X PL ; 
hence.PL = ^ = iPV. 



^. ■.;!».• ^r 



I 
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210. Con Hence, if the curve be a circle, and the 
centre of force in the centre, a body must fall down 
half the radius. . 

Prop. CXXXI. 

If a body revolve in. a circle about the centre^ to find 
its velocity • 

211. Let the force of gravity on the earth's surface 
be denoted by unity, the radius of the earth by unity, 
and the velocity of a body revolving about the earth 
at its surface by unity ; smd in proportion to these, let 
r = the radius of any circle, v = the velocity of a body 
revolving in that circle, and the force =:;i^; then as a 
body must fall down ^ of the radius to acquire the ve« 
locity in the circle, the force remaining constant, and by 
Mechanics J the velocity varies as the square root of thd 

force and space conjointly, we have 1 ; VlXi * :v : 

V;v" X ix ; hence, v=zx ^ • 

. 212. Cor. As ^e periodic time (P) varies as the 
circumference of the circle directly and velocity (v) 
inversely, and therefore as the radius (x) directly and 

V inversely we have P a — t- a a: a • 

X 3 

If n = 0, Fozx'. If n = l, Pa;c®=l, or P is con- 
stant. If n = — 2, Pa x^. 

Prop. CXXXII. 

Given th0 law of force as any power of the distance j 
to find the curve rjohich the body describes. 

213. Let S be the centre of force, and let the body 
be projected in the direction AD, and describe the 
curve APW; describe the circular arc AZ with the 
centre S ; draw the tangent PE, on which let fall the 
perpendicular SY, and SH on Afi ; also draw Sn 
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m 

indefinitely near to SP, and nm perpendicular to SP, 
and produce SP, Sn, to r and s. Put S A = a, SH s^, 




Ar = Zj SFszXjb^ the velocity at A, 9= the velocity 
at P, Pm =:Xy rs z=:%. Now the velocity being 

inversely as the perpendicular, vibii pi SY =^ ; 

therefore Py = ^jc* — ~j" = ^— ; and by 

\/x^)^—t^b^ ph 
Sim* trian. i- — : 4-- : : a: : mn = 



phx 



, phx pahx 

hence, x \ aw ^ : % = — ===== ex- 

pressing the fluxional equation of the curve in terms of 

the angle described and distance. But (Art* 82. Ex* 7*) 

2 

t;2=3*-| — — xa" +J — ^+^1 or if b (the vel. of proj.) : 

vel. \a ^ y in a circle at the same distan ce (Art* 211 *) 
: : m : 1, then i* =m*a"*+*; hence, ©* = tw* H — X 

fl''+^ X *"+^ ; therefore » = 

n + 2 ' 
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pabdb 



•vy; 



71+1 n+1 

the fluent of which can only be found in particular 
cases. 

214. At the apsides^SJg = SY, or re = ^ = 



pb 



V 



therefore 



n+1 n+ 1 



xJm^+'^ X a»+* ^ X Je"+^ I — j&*= 0, the 

^ ^n+1 n+1 ^ ' 

equation to the apsides* Now to find the number of 
apsides, by squaring the first equation, we get m*-| 

7l-|-l 

2 
X a*+* XA^-— ^ — T X^'*+^ — p^b^ = O, which equation 

{Algebra^ Art. 358.) may have 4 possible roots when 
n is an even number, and 3 when n is an odd number ; 
but this being the square of the original equation, 
some of the roots are introduced by that operation, and 
the equation to the apsides can never, have more than 
2 possible roots, so that no orbit can have, more than 
2 apsides, that is, there are only two different distances 
of the apsides ; but there is no limit to the number 
of repetitions of tiiese, without their falling upon the 
same points. If n be *» 3, or a greater negative num- 
ber, the equation can have only 1 possible root, and the 
orbit can have but one apside. 



ANNOTATIONS. 
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On TH& LIMITING RATIO or VARIABLE 

QUANTITIES. 

WHEN any quantity increasing or decreasing 
continusdly according to a certain law, ap- 
proaches to a determinate value, and arrives nearer 
to it than by any assignable difference, but never ab- 
solutely euuals it, that value is called its limit. Thus 
when a polygon is inscribed in a circle, and the num- 
ber of its sides is continually increased, its area and 
perimeter approach to the area and circumference of 
the circle, as their limit (Prop. 4. and 6. book 1. Sup. 
to Playfair^s Geometry)* Hence, if AD be always to 
the given line AB either as the area of the polygon to 

D 
A 1 B 



that of the circle, or as the perimeter of the former to 
the circumference of the latter, then while the polygon, 
by having the number of its sides increased, approaches 
to its limit, the point D must move toward B, or AD 
approach to AB as its limit. The limiting ratio of 
the polygon to the circle, whether the areas or perime- 
ters be compared, is therefore said to be a ratio of 
equality. 

And here it may be proper to observe, that as the 
limiting' vahieoS a perpetually vatying quantity, is not 
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an actual value, which it ever absolutely attains, so the 
iimiting ratio of two variable quantities, is not a ratio 
which they bear in any actual state of those quantities. 
Thus, if we take AD : AB : : polygon inscribed in a 
circle : the similar polygon described about it, it is 
manifest that the point D never arrives at B, yet no 
point can be assigned between A ahd B which it does 
not pass. 

When variable quantities become infinitely great, or 
indefinitely small, .their limiting ratio may frequendy ^ 
be determined, though the quantities 'themselves, in 
such state, elude our comprehension. 

If AC touch the circle ABD in A, and on the chore! 
AB a right-angled triangle ABC be constructed, then 




while B moves aloiig the arc until it arrives at A, let 
the limiting ratio of AC to AB be required. . , 

Produce CB till it meets the circle in^D, and join 
AD ; then since ABD is a right angle, AD is a dia- 
meter ; also, the angle ADB = BAC ; whence AC 
: AB : : AD : DB ; but when B arrives at A, BD == 

2K 



250 On ih€UntHing\Raiio 

DA ; hence, tbe limitbg rado of AC : AB is a ratio 
cf.equality* 

But if the DMnt B move along the given line AB^ 
and BC^ or oc continue at rig^t ang^ to AB, then, 
dthou^ the difference of AC and AB becomes less 
than any that can be asugned ; yet (since Ac : Ab t : 
AC : AB) their ratio is a constant ratio of inequality. 

Let two pcMttts m, n, set out £rom A, B^ and move 

Q 
P ! R 

A m B n Z 




adinfihiium sdong the right line AZ with velocities 
whicn are always in the given ratio : PQ : PR, and let 
the limiting ratio of An : Am be required* 

Through A, B draw the parallels A£, BD making 
any angle widi AZ ; make A£ = BD = always to 
Am, join n, D f n, E; and draw BF, BG, respectively 
parallel to tzD, nE» 

Since AB : AF : : Bn : BD (Am) : : PR : PQ, a 
constant ratio, the angle BnD=: ABF is. invariable 
(5. 6. EL), and AF constant ; also ED=AB, is con- 
stant *f but E/i,, Dn increase without limit ; hence, the 
angle EnD (=GBF) is indefinitely diminished (21. 1. 
El.) ; consequently the difference of AF and AG be- 
comes less than any assignable ; and since Am A£ 
(Am) : : AB : AG ; the limiting ratio of An : Aw is 
that of AB : AF : : Bn : BD (Am) : : PR ; PQ. 

Prof. II.^— Assuming the data of the proposition, 
tet Pn be the increment^ whidi would be uniformly 
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generated with the velocity at m, in the time Pm is de^ 
scribed with the accelerated velocity ; then Pn is evi* 
dently greater than P^. Take any line GL, and make 
G/ :Fx :: Gs : P/i, G/ : Pt : : G* : Pm, and G/ : 

G * / 

F 1 ^1 P— 1 K 

P V tnn r t X 

A 1 ^l-W • 1 1— I- r-Z 

Pr : : G* : Fv ; then G/, Pr may denote the fluxions 
of FK, AZ at the points G and P (Art. 3, Cor. 1.)^ 
Now Pr : P;e : : velocity at P : velocity at m ; hence,. 
Pr : rx : ^vel. at P : vel. gained while Pm is described^ 
whence, if we diminish the time of description, and con« 
sequen^y the acceleration, rx will decrease, while Pr 
remains constant : and if the increments be decreased 
till they vanish, the difference of velocities at P and m 
will vanish, consequendy rx will vanish, or P^ become 
=Pr. But t lies between r and x^ tfierefore Pr = Pr ; 
and since, in all states of the increments, GiiFtizGsz 
P7«, the limiting ratio of G* : Pm is the ratio of G/ : Pr 
the ratio of the fluxions. 

If Pm be described with a decreasing velocity, take 
Pn the increment cotemporary with G*, which would 
have been generated with the velocity at P ; Pp that 
uniformly described with the velocity at m, dien G/, Fx 
may denote the fluxions at G and P, and it may be de-^ 
monstrated as above that the limiting ratio of Gs ; Pm^ 
is the ratio of G/ : P:c. 

Prop. V. The binomial theorem being investigated,, 
in Art. 34. by means of the rule derived from this and, 
the following proposition, a soludon of this problem, 
independent of that theorem, may be as follows.^ 

Given (i?) thefuxion ofx^ to Jind the fluxion ofo^. 

Let X increase imiformly by v, and become succes- 
sively equal to ;i:+v, a:+2v, &c.; then ap* will become 
0^ + %oco + v*, ^ + 4:w; +4i;*, &c.; hence, the succes<^ 
sive increments of jtf* v^ill be 2#^ + »•, 2xv + Sp^&c.; 
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consequently while x increases uniformly, x^ does noc 
increase i^niformly ; therefore to find the ratio of the 
fluxion of X to that of a^, we must determine the li- 
miting ratip of the increments* Now (he increment of 
A* : increment of ;t* : : t; : 2xv + x>* : : 1 : 2;c 4- r : : 
(when t; = 0) 1 : 2a: ; therefore by prop. 2. the fluxion 
o(x : fluxion of ^t** : : \\2xi'.x\ 2xx=i fluxion of^ 

Cor. Hence, the fluxion of ^+y ]* = 2.^+ y X ^+y- 

For put 2*=a:+j/"1*, thcnz^x+tf and »=*+£/, .% 2zi 

= 2nX+y . a'+f/. 

Hence, prop. 7. as solved in the text, easily folloiys* 
To prop. 7. we may subjoin the following 
Cor. 2. The fluxion of a product, divided by that 
product, is equal to the sum of the fluxions of the se- 
veral factors, divided by the factors themselves: 
flux, yyz __ i/zo; ^ xzi) ^ xyi, _ a? ^ y a ^ ^^ 

xyz xyz xyz xyz x y z * 

the same may be shown for any number of factors 
whatever. 

From this corollar}^ the solution of prop. 5. is thus 

derived. — Since x"=x • x . x^ &c. (a: being repeated n 

. flux, of a" db d) X o 
times) = 1 f- , &c. to n terms = 

X^ XXX 

— , .'. flux, oi A"" = = nx^*^^x, 

X X 

Art. 33. Ex. 4. " This curve is a circle." One of 
the points S, H will be within, and the other without 
the circle. (See prop. F, book 6. Playfair*^ Geome^ 
iry^ for a demonstration of this property.) 

Art. 42. Let the points /?, P, set out at the same 
time, from 3, B, and move along the lines rs^ RS, and 

m n h c d e f g h i 
r |_|_|_|_._|_|_t_T^l_, s 

R |_i_|_i_|_._|_|_|_i_|_|_s 

AMNBC DEF GH I 

while p uniformly describes the equal parts bcy cdy dei 
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(kc. let P describe the spaces BC, CD, DE, such that 
AB, ^C, ad, AE, &c. may be in continued propor- 
tion* 

Now the ratio of AB ; AD is compounded of thei 
two equal ratios AB : AC, and AC : AD ; also W= 
^bc \ the ratio of AB : AE is compounded of three ra- 
tios, each equal to that of AB : AC ; also be = ^bc ; 
in like manner, if any cotemporary values of AP, bp^ 
be assumed as AH, M, then whatever number of ra- 
tios of AB : AC is contained in the ratio of AJB : AH 
the same multiple is bh of be ; hence, if be be assumed 
as the measure of the ratio of AB : AC*, bh will mea- ' 
sure the ratio of AB : AH. 

Ratios compounded of the same number of equal 
ratios being equal to each other (F. 5. Elem.), we have 
AB : AE : : AF : AI ; and bi (the measure of the 
ratio of AB ; Al)= be + ^(the sum of the measure^ 
©f the ration of AB : AE, ^d of AB': AF> In lik? 
manner it appears, that of any four proportional terms, 
the first of which is AB, the measure of the ratio of 
AB to the last is the sum of the measures of the ratios 
of AB to the second and third. Hence, AB being 
taken to represent an unit, AC, AD, &c. numbers 
forming with unity a series of geometrical proportion- 
als, bc^ cd^ &c. any equal numbers, then bc^ bdy &c. will 
be the logarithms of AC, AD, &c. whose property, as 
appears from above, is that the logarithm of the pro- 
duct of any two natural numbers is equal to the sum 
of the logarithms of the factors* For the product is a 
fourth proportional to the two factors ^d unity. And 
^ence the principal properties of logarithms are easily 
inferred. 

Again, since AB : AC : :, AE : AF ; by alterna- 
tion and division ^B : AE : : BC : EF, which ratio 
of the increments in its liiiiiting state, when the time 
of description is indefinitely diminished, is the ratio of 
the velocity of P at B to its velocity at E. Let th^ 
velocity of P at B be to the uniform velocity of p as 
1 : M J whence, by compounding this with the propor- 

• See Art. 107. 
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tion above, Mx AB : AE : : velocity otp : velocity of P 
at B ; that is, AB being = 1, M : A£ : : fluxion of 
be : flux, of AE, or assuming, as in the text, y = any 
number, and ;c = its logarithm, M : i^ : : or : i^, •*• ar= 

Mxi-. 

y 

If the points^, P be supposed to move back from 
&, B toward r, K, still making bn^ nm^ &c. equal to bc^ 
and AN, AM, &c. the cotemporary values of AP, 
such that AC, AB, AN, AM, ccc. shall be in conti- 
nued proportion ; then bn^ bm^ &c. are the logarithms 
of AN, Am, &c.; but bc^bd^ &c. the measures of the 
ratios of unity to greater numbers, being considered as 
positive, briy bm^ &c. the measures of the ratios of unity 
to less parts, must be reckoned as negative. More- 
over, since the velocity of P varies as AP, o/ the de- 
crements of AN, AM, &c. are as the quantities them- 
selves, it is manifest that the number of terms in the 
series AB, AN, AM, &c. before P can arrive at A, 
must be infinite, but the velocity of p is uniform ; 
therefore the log. of is an infinite negative quantity. 

From this elucidation the generation of the loga- 
rithmic curve and logarithmic spiral, are very easily 
shown. For if AS be placed at right angles to bsy 
with the point A on ^, P being at B, and AS be car- 
ried along bs^ so that A may describe the equal parts 
bcy cdy &c. while P passes over EC, CD, &c. as before ; 
then the point P will trace the curve called the loga- 
rithmic curve. Hence, any abscissa of this curve 
measured from the point where the ordinate is unity, 
is the logarithm of its corresponding ordinate. See 
Art. 49. Ex. 4. 

But if the point A be fixed, and AS carried uni- 
formly round, so that a fixed point in it may describe 
arcs of a circle equal to be, cd, &c. while P describes 
BC, CD, &c. as before, then the point P will generate 
the logarithmic spiral. See Art. 32. Ex. 4. 

Art. 67.—" The direction in which the particle will 
begin to move." This conclusion is correct when 
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AB stf AP» In other cases; make PD = AB ^ and 



P 




B C A 

DE (parallel to AB) = PB — PA ; join PE ; then 
PD : DE : : force in the direction PA : force in the 
direction DE ; hence, PE is the direction in which 
the palrticle will begin to move. 

Art. 69. — The case of this problem, wherein the 
attraction varies inversely as the square of the distance, 
is article 836 of our author's Complete System of As- 
tronomtfy in which 2pax is made the fluxion of the 
force; hence, the corrected fluent is found 2pax-^ 

%p(?^ instead of ^ ■ '^ -> The former of these 
expressions varies as x •— cr, the latter as 1 — • — ; of 

X 

which X — a is increased, and 1 is diminished by 

X 

in(;rea8ing the value oix\ the author, however, assertsii 
that %pax — ^pc? varies as 1 ; hence, one error 

X 

IS counterbalanced by another. 

Art. 82. Ex. 6.^" By Sir I. Newton's Pri;id/»w.'' 
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This conclusion may be thus obtained. Let ABE be 
a circle uniformly described by a revolving body, b}*- 

A 




means of a force tending to the centre ; AF an indefi^ 
nitely small arc described in the time 1 ; draw FD at 
right angles to the diameter A£ ; then in tht time 1| 
the body falls through AD, by the action of the cen- 
tripetal force ; but AF* in its nascent state =E A . AD; 
how if the time be increased in the ratio of 1 : cr, the 
square of the arc will be increased in the ratio of 1 : a*; 
also the distance through which the body would fall by 
the constant central force, will be increased in the same 
raUo of 1 : a* ; therefore the arc described in any time 
is a mean proportional between the diameter of the 
circle and the distance fallen through in the same time, 
by the constant action of the centripetal force. 

Now the distance which a body falls in l" by the 
force of gravity at the surface of the earth = m ; there- 
fore I"2 : ^ (^''2) ::m:tl the distance fallen in ^' 

by the force at the earth's surface ; hence, the arc 
described in ^"=/>r = ^part of the circumference^ 
whence the time of describing the whole circumference 

Art. 94.—** Now it is well known," See Art. 209. 
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